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Elasticity of liquid interfaces and membranes

Lipid membranes not only play critical roles in many cellular functions, but are also
unique in that they have properties of both fluid and elastic materials. While 2D
elasticity theories such as Canham-Helfrich-Evans adequately capture the dominant
energetics of membrane deformation, a full characterization of the 3D elastic response
is necessary to account for the many modes of deformation and the role that lipid
structure plays in determining the elastic energy. We use the stress-stress fluctuation
(SSF) method to obtain local elasticity profiles of a simple water-dodecane interface
and a lipid membrane from coarse-grained MARTINI molecular dynamics simula-
tions. We validate the results from the SSF method through the explicit deformation
method, which measures the change in the local stress tensor relative to a specific
strain. Furthermore, we show that some expected symmetries of the elasticity tensor
are locally broken due to the lateral fluidity of the interfacial systems and the physi-
cal constraint of mechanical equilibrium. Profiles of the lateral and transverse shear
moduli show that the membrane is locally fluid, while the transverse shear modulus
is locally non-zero but its integral vanishes. We define the area and Young’s moduli
as well as the Poisson ratio for a lipid membrane through the compliance tensor, and
use the area modulus to estimate the position of the neutral surface and macroscopic
bending modulus. Our elasticity calculations provide critical insights into the local
mechanical properties of lipid bilayers and unravel the role of lateral fluidity in the

membrane’s elastic response.
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I. INTRODUCTION

The mechanical properties of lipid membranes play a key role in modulating many biologi-
cal functions such as membrane fission, fusion, organelle shaping, and cellular remodeling 1
In these processes, the energetics of deformation, e.g., bending or stretching, are determined
by factors such as membrane composition, leaflet asymmetry, and inclusion/association of
proteins among others. The membrane’s elastic energy is most commonly treated with the
classical Canham-Helfrich-Evans (CHE) theory”® that assumes a two-dimensional film with
no internal structure. Within the CHE theory, the material constants that determine the
elastic energy of the sheet are the bending, s, and Gaussian curvature, £, moduli as well as
the monolayer spontaneous curvature, Ky ,. Alternatively, one can consider the membrane
as a 3D elastic medium®"? to incorporate the effects of internal stresses within the mem-
brane and lipid structure such as tilt-curvature coupling®® The 3D elastic energy density of
the membrane is obtained by a strain expansion in terms of the local stress and elasticity
tensors. In general, these quantities vary spatially and must be integrated over the system

L3I oroup together like

volume to obtain the total elastic energy. Tilt-curvature theories
terms in the 3D elastic energy density and integrate over the thickness of the membrane to
obtain relations for the macroscopic elastic constants such as k and £ as moments of the mi-
croscopic local stress and elasticity profiles. This process requires making many assumptions
about the nature of lipid membranes including lateral fluidity and incompressibility, which
have not been directly validated due to the difficulty in locally measuring these quantities
experimentally or computationally.

The local stress tensor, o;;(x), of lipid bilayers and corresponding lateral stress profile,
o1,(2) = (04a(2) + 0yy(2)) /2 — 0..(2), are routinely obtained from molecular dynamics (MD)

17H24°

simulations using the Irving-Kirkwood-Noll procedure.?*™2? However, computation of

local elastic moduli of membranes has only recently gathered attention despite its impor-

tance. Campelo et al* computed the transmembrane lateral stretch modulus profile!#!

of a coarse-grained (CG) MARTINI®# bilayer by measuring the change in the lateral stress

profile relative to the area strain,
Jdo L(Z)
AL(z) = ap———=, 1
L) = a2 (1)
where ag is the area of the unstrained system. The monolayer Ap,(z) can be used to estimate

the position of the neutral surface as well as the bending modulus ' Foley and Deserno®*33
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have recently computed A (z) for the CG Cooke model and used it to estimate the position
of the neutral surface. As pointed by Kalutskii et al.** one must be careful in the use
of Eq. [I] as the variable elastic moduli along the membrane normal will result in a non-
uniform deformation of the membrane that requires a proper scaling of the z-coordinate
when computing the change in local stress. Changes in the lateral stress profile with respect
to variations in the ambient pressure have also been used to estimate the local Poisson ratio

for MARTINI membranes#

An alternate method to compute local elastic properties of lipid membranes is through
the stress-stress fluctuation (SSF) method.*” In the SSF method, the material is typically
simulated in the canonical ensemble (NVT) and the coefficients of the elasticity tensor,
Cijkl, are obtained from the sum of three contributions: a kinetic term that depends on the
momenta of the particles, the fluctuations in the stress tensor, and the so-called Born term
that depends on the first and second derivatives of the potential ®*“4 Calculation of the Born
term requires that multi-body potentials that define angles or dihedrals must be decomposed
into central pairwise terms that only depend on the distances between particles 2122:29:42745
The SSF method has been largely applied to characterize the elastic properties of solid
(crystalline) and glassy systems 204434484089 Recently, Lips and Maass® computed the co-
efficients of the local elasticity tensor for a lipid membrane based on a single-tail CG lipid
model”™! using Monte Carlo simulations. A key advantage of the SSF method is the abil-
ity to obtain all elastic coefficients from a single equilibrium simulation. In our companion
paper,”? we demonstrate the applicability of the SSF method to capture the elastic proper-

ties of solid and soft materials such as molecular liquids, and provide methodological details

on the numerical implementation into our custom code GROMACS-LS >4

The end goal of this paper is to characterize the local elastic properties of CG MARTINI
interfacial systems such as a water-hydrocarbon interface and a lipid membrane via the SSF
method. All local elastic coefficients are also validated through the explicit deformation
method, where changes in the local stress are measured relative to specific strains. In the
first part, the liquid-liquid interface serves as a simple model to understand some of the
unique features that transversely isotropic fluid systems possess. We show that the presence
of the interface has important consequences on the elastic properties of the two immiscible
liquids such as softening compared to their pure states. We also show that some expected

symmetries are broken locally due to the fluid nature of the system in combination with the

4
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constraint of mechanical equilibrium. In the remaining sections, we characterize the local
elastic coefficients of a lipid membrane and explore their connection to tilt-curvature theories.
We use the compliance tensor to formally define the local area and Young’s moduli as well as
the Poisson ratio from the elastic coefficients. We also compute various integrals of the area
modulus to estimate the position of the neutral surface as well as macroscopic moduli of area
expansion/compressibility and bending. Our results show that the SSF method is a powerful
tool to characterize the local elastic properties of biomaterials such as lipid membranes and

directly probe physical assumptions such as lateral fluidity and incompressibility.

II. THEORY

A. Spatially Resolved Stress and Elasticity Tensors

4 we derive formulas to compute the whole-system Cauchy

In our companion paper,”
stress and elasticity tensors from MD simulations in the NVT ensemble (constant number
of particles, volume, and temperature) using the method of dilatation. We refer the reader
to the Theory section of that paper for a complete description of how these continuum
quantities are macroscopically defined for molecular systems. Here, we focus on deriving

the spatially resolved or local microscopic tensors. We begin by defining the Hamiltonian

function for a system of NV particles in the canonical ensemble as
= lp I
H = E — + U(r” 2
(r7p) - 2ma (r )7 ( )

where 7 = (r!,...,r% ..., 7Y) and p = (p',...,p%,...,p") are the positions and mo-
menta, m® is the mass of particle a, and U is the internal energy. The partition function of

such a system is defined as

1
2= Nupn
1

where h is Planck’s constant and § = ymy From this, one can define the canonical or

/ exp(~BH(r, p)) drdp, (3)

Helmholtz free energy as

A= _% In(2). (4)

Similarly, the expectation value of an observable Q (7, p) can be obtained from

(@) = iy [ QUrip)expl~3H(r,p) drdp. o)
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The local Cauchy stress is typically defined using the Irving-Kirkwood-Knoll procedure 27

where mass, momentum, and energy pointwise fields are first defined and used within various
balance equations to obtain a stress field that is valid for non-equilibrium systems. Alter-
natively, the local stress may be derived geometrically from the Doyle-Ericksen formula®**°

through the functional derivative,

0A
7(®) = 2591’;'(33)7 ®)

of the canonical free energy with respect to the ambient metric tensor field, g;;(x), which
may vary inhomogeneously. 22425758 For ease of manipulation, we split the point-wise Cauchy

stress into an ensemble average of the instantaneous kinetic and potential components,

o(@) = (o (@) = (o™ (@) + o™ (@) (7)

The instantaneous kinetic component is defined as

N
ins 1 i o, o
o @) = =) — 9" "} O (r* — @), (8)

a=1

where the lower and upper indices of the metric tensor refer to covariant and contravariant
components, and ¢g¥ denotes the components of the inverse of the metric tensor, satisfying

9" g;x = 0;,. Assuming Cartesian coordinates, the instantaneous kinetic stress simplifies to

N

ins 1 (s JNe" o
05’ "(x) :_Zﬁpipj §(r* —x). (9)

a=1

The instantaneous potential component is defined as

ou e’
Oorep 7“15

a?
B>a

Ui
y inst (w) _

B (’r",rﬂ;m) , (10)

where B (ro‘, rb: ) fo ( (1—8)r®+ sr’ — ;r:) ds is the so-called bond function and we

have replaced the potential U(r®) with a sum of central pairwise potential terms U (r*?)

such that
re) =Y U@ (11)
B#a
Here, 7% = |r®#| is the distance between two interacting particles, a and 3, and r®# =

r? — % Assuming that interatomic potentials are conservative scalar functions of the
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29142

particle positions, which is true for most classical potentials used in MD simulations, we

can replace the first derivatives of the potential, i.e., the net forces acting on the particles,

with a sum of central pairs
oU ouU r’ 12)
ore L graB pas’
or¢ = oreb r

An N-body potential can in general be decomposed into 3 N(N — 1) possible pairs Z22#245

Extending the analogy to the Doyle-Ericksen derivation 4%

we geometrically define the
local spatial elasticity tensor by taking the derivative of o;;(x) with respect to the ambient

metric,

o <O.1nst (w)>
gkl
where in this case the metric is assumed to vary homogeneously everywhere in the system.

Cijra () = 2 (13)
One could in principle define a more general two-point elasticity tensor by taking another
functional derivative of the local stress with respect to the metric field. However, analysis
and physical interpretation of such two-point tensor would pose a significant challenge as
it describes the change in stress at « due to a local deformation in y, which is beyond the
scope of the current paper. Returning to Eq. the derivative of the ensemble average of

the local stress can be expanded as

@) = v o (7 [ o @y exn(-5) drp ) (1)
- N!hQ?’NZ / 002;‘;::13) xp(=PH) drdp -
+—(N!h2£V Z>2[ / o () exp(—BH) drdp / exp(—BH) drdp
—ﬁfjvz ivst(m)gfm exp(—BH) drdp +
=2 (5D v (ol @) - (ot (o1)], (15)

where i35t = 7 f ot (x) dx is the total instantaneous stress, i.e., for the whole system, and
we have used the relation Vo™ = 255 aH A Note that the second term of Eq. [15]is defined
by the covariance of the instantaneous local stress with respect to the instantaneous total
stress as the spatial dependence only appears explicitly in amSt( ). We split the first term
inside the angle brackets in Eq. [I5] into kinetic and potential terms for simplicity,

do (@) Do "(x) Do (a)

= + . 16
Ogu 09 091 ( )

7
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The kinetic term simplifies to

60’K 1nst( o '
agkl _ Z glkgmlg + gmkgzlgjn + gz gjkgnl + gzmgnkg } 5( . IE),
(17)
where we have used the identity % = —1 [g%¢"" + g ¢7*] since g7 g;, = 0},. Particularizing

now for Cartesian coordinates we obtain

aO_K ,inst (

“om Z (DD i + PP 0 + PIP; O + P DG3) 6(r* — ). (18)

The potential component depends on both the first and second derivatives of the potential

with respect to the pairwise distances,

U,inst 5 aB o 0B aB oB o
Iy o) _ L (g PU_ri 00 BT e, i), (19
OGi 2 7\ 2 oréoras raﬁrvﬁ OraB (roB)? yT5),

p>a &>y
where in the second derivative we must consider a second potentially independent pair of
particles, v and &, although the bond function only distributes the potential contribution
along the path that connects particles a and . These two particle pairs would be the same
in the case of a two-body potential, but may be different in the case of three-body or higher
order multi-body potentials.

Putting it all together, we obtain the local version of the SSF formula for the elasticity

tensor as previously obtained by Lutsko,*>4
Cijri(x) = C?jkl(m) + ijkz(w) + Cgkz(m) (20a)
U rOPraBE gy B8 y08 a8

0 _ kT kT o 8.

Cijra () = <; ( — DrrE Db raﬁwf 9B (raﬁ) B(r®*,r”;x) ) (20b)

Bra >y

(@) = =BV ({0 (®)a0™) — (03" (@) (o)) (20c)
K 1 a, o a, o a, o o, o a

Cijm(T) = Z e (i Pj 0uk + PpD5 0ur + pip; 0k + D5 Dk ;1) 8(r* —x) ). (20d)

The Born term, cgjkl, corresponds to the adiabatic elasticity at T" = 0 K, and it represents
the intrinsic elastic response of the material due to interatomic interactions. The fluctuation
term, cfjkl, corresponds to the covariance of the stress tensor, which is determined by the
energy fluctuations within the material. Finally, the kinetic term, cgkl, is obtained from the
momenta of the particles in the system. In general, the Born term tends to have positive

values, while the fluctuation term tends to be negative.
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To obtain continuum stress and elasticity fields, the point-wise quantities are convoluted
with a weighting function w(a;vy), supported in a domain 2, that is centered at x, which
weights the contributions to the stress/elasticity for particles located at y in €, (see Meth-
ods). The weighting function must be normalized such that fﬂw w(x;y)dy = 1. To apply
the convolution to the potential contributions to the stress/elasticity, the weighting function
must be integrated over the line segment that connects particles a and 3, which is performed
by the bond function B(r®, r%;x) = [ ow(x; (1 —s)r* + sr7).

Classical molecular systems are often parametrized using bonded potentials such as har-
monic bonds (2-body), harmonic or cosine angles (3-body), and harmonic or cosine dihedrals
(4-body) among many others. Any 3-body or higher order potentials must be carefully in-
cluded in the Born term (Eq. as we need to cast the potentials in terms of pairwise
distances 24 For a harmonic angle potential acting on particles «, 8, and 7 one can define
the potential and its derivatives explicitly in terms of pairwise distances (r*?, r®7, and r?7)
using various identities including the dot product and law of cosines. Once the first and
second derivatives of the 3-body angle potential have been obtained, one must then incor-
porate 9 different contributions into the first term of Eq. which correspond to the three
homo-pairs {r®? r®#} {rev v} and {r®?,r#} as well as the 6 hetero-pairs {r®* r®7},
{rov poBY {reB By {pBY poBY LreY pPY)and {77,717}, Note that swapping the order
of the hetero-pairs produces different contributions to the Born term even though the second
derivatives of the potential are interchangeable due to Schwarz’s theorem, e.g.,

0*U 0%U

orB oraB — graBrBr’ (21)

Definitions of all the bonded and non-bonded interatomic potentials used in this study,
including their first and second derivatives, are provided in the Supplementary Material of
our companion paper .22

In general, the elasticity tensor has 81 = 3* individual elements, yet the number of unique
terms in ¢;j () depends on the symmetries that are applicable. Symmetries in the stress
and strain tensors under the constraint of linear elasticity result in minor symmetries of
the form c¢;ji = cjirr = ciji,. Symmetry of the strain energy density with respect to the
strain components results in major symmetries of the form c¢;ji = cgj. When integrated
over the whole system, both minor (e.g., [¢ysy.(®)dx = [Copoy(x)da) and major (e.g.,

[eyyer(@)da = [c,opy(x)dz) symmetries must apply and therefore the number of unique

9
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elements in the elasticity tensor reduces to 21. However, as we will show in the Results and
Discussion section, major symmetries may sometimes be broken locally depending on the
geometry and physical state of the system. Assuming only minor symmetries, we can write

the 36 possibly unique elements of the local elasticity tensor as the 6 x 6 stiffness matrix

C11 C12 €13 C14 C15 Ci6
Co1 Co2 C23 C24 Co5 Cog
C31 C32 (€33 C34 C35 C36
Cmn = ’ (22)
Cq1 C42 C43 C44 C45 C46

C51 Cs2 C53 Cs54 Cs5 Cs6

| C61 C62 Ce3 C64 Ce5 Cé6 |
where we have omitted the spatial dependence on x for simplicity and use the following

compact Voigt notation:

Tensor Index: xx yy 2z wyzorzy xzor 2x XYy Or yx

Voigt Index: 1 2 3 4 ) 6

Here, we focus on systems that are transversely isotropic in the x —y plane such as liquid-
liquid interfaces or lipid bilayers. As such, any locally computed fields only vary along the
z-direction. Furthermore, these systems are fluid in the plane of isotropy, which imposes
the additional constraint that the lateral stress must be uniform (i.e., 0,,(2) = 0,,(2)). The

stiffness matrix for this type of systems reduces to

ci1 ci2 ci3 0 0 0
cig cir ci3 0 0 0
- c3p 3 cz3 0 0 0 7 (23)
0 0 0 cyae O O
0 0 0 0 cua O
(000 0 0 0 cgp
where the in-plane symmetry and lateral fluidity requires that ci1(z) = coa(2), c12(2) =

c21(2), c13(2) = c93(2), e31(2) = c32(2), and cyq(z) = cs5(2) as the system is physically
indistinguishable in the x — y plane. For transversely isotropic systems, the in-plane shear

modulus cg6(2) is also coupled to ¢11(z) and c¢15(z) through the relation cgg(z) = (c11(2) —

c12(2)).

10



Elasticity of liquid interfaces and membranes
B. Hooke’s Law and Explicit Deformation

The values of the elasticity tensor obtained with the SSF formula (Eq. correspond
to the intrinsic coefficients in an unstressed state where o;; = 0. However, the coefficients
obtained from stress-strain relations, i.e., Hooke’s law, will differ for systems where o;; #
(3889845976l The incremental change in Cauchy stress around a pre-stressed configuration is
not determined solely by the material modulus c¢;j5;, but must also include additional terms
that depend explicitly on the initial stress ¢;;.°**! This is because the stress rate must be

taken in an objective sense using the Truesdell rate*® For an infinitesimal strain increment

€1 relative to the pre-stressed configuration, the change in stress is given by
Aoyi; = [Cijrr + 010ik + 0100 — 040k €k, (24)

where summations are carried out over repeated Roman indices. This relation can be cast
into the standard form Aoc;; = Cijrer, where the effective tangent modulus ¢y incorpo-
rates both the material stiffness and the geometric contributions due to the pre-stress. By
symmetrizing the stress—strain contractions, we obtain a relation for the ‘extrinsic’ elasticity

tensor,

N 1
cijkl(a:) = Cz'jkl(w) + §[O-ik<m)5jl + ail(m)éjk + ajk(a:)&-l + Ujl(“f')(sik — 2O'ZJ<CL')5M] (25)

60,62

The elements of ¢;j; are also known as Birch coefficients in the literature. The values

of ¢;ji and ¢y are only significantly different for systems under loading or for non-uniform
systems where there is a large internal pre-stress (e.g., lipid membranes).

Hooke’s law defines the following relations for the change in local stress for a transversely
isotropic system:
26
27
28
29
30

(
(
(
(
(
(31

)
)
)
)
)
)

We use these relations with constrained deformations to obtain the individual elements of

Cmn- Consider a deformation that keeps the system area fixed at the equilibrium value a = ay,

11



Elasticity of liquid interfaces and membranes

while the system is elongated /compressed along the z-direction. Under such conditions, the
lateral strain is zero (€, = €,, = 0) and €,, = Az/z, and therefore Eqgs. 26/ and 27 can be

combined to obtain

. 20 0(02a(2) + 0yy(2))
HOEEESS (32)
Under the same deformation conditions, Eq. [28| can be simplified to obtain
_ 00 ,.(2)
ED 2z
= 33
Cs3 (2) = 20 02 . (33)

Similarly, consider a deformation that keeps the system’s z box dimension fixed at the

equilibrium value z = z, while the area of the system is expanded/compressed. As such,

there is no strain in the z-direction (e3 = 0) and the lateral strain is given by €,,+¢€,, ~ e,
which when combined with Eqgs. 26}28| results in the relations
(G (2) + 512(2))ED _ @ (02(2) + 0y (2)) (34)
2 2 da o
and
_ 00..(2)
ED 2z
= 35
¢35 (2) = ag da |._.. (35)

In the ED method, the coefficients ¢;;(z) and ¢12(z) cannot be individually probed for a
fluid transversely isotropic system as any equilibrium lateral deformation, even if performed
uni-axially, will result in an equal lateral stress distribution, ¢,,(2) = oy,(2). This can
also be interpreted as that these two extrinsic elastic coefficients must equal each other,
¢11(z) = ¢12(z). The shear extrinsic coefficients ¢é44(z) and ég6(z) can be obtained directly
from Egs. and 31| by applying volume-preserving pure shear deformations in the y — z

plane (e,, = %) or x —y plane (€, = %) respectively.

IT1. METHODS

Molecular dynamics (MD) simulations were performed with the GROMACS simulation
package v2020.%¢ A custom version of the GROMACS-LS software, 24424553 which integrates
GROMACS v2016 with the MDStress library, was used to run simulations to estimate the
elastic coefficients using the SSF method (Eq. . See our companion paper® for techni-
cal details of the SSF implementation including treatment of truncated pair potentials, first

and second derivatives of multi-body potentials, and convergence analysis. The MARTINI

12
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3.0 force-field™ was used for all the coarse-grained (CG) liquid and membrane systems.
The Lennard-Jones potential was truncated using a plain cutoff with a shift at r., = 1.1
nm as suggested by the MARTINI force-field. Newton’s equations of motion were inte-
grated using the leapfrog algorithm with a time-step of 0.005 ps. This shorter time-step
was chosen to obtain physically-consistent elastic coefficients as described in our companion
paper.”? Temperature was held constant using the velocity rescaling thermostat of Bussi

15 with a coupling time constant of 1.0 ps. For constant pressure simulations, the

et a
pressure was maintained semi-isotropically with the cell-rescaling barostat of Bernetti and
Bussi.®® with a coupling time constant of 5.0 ps. The pressure and temperature coupling
were performed at every simulation step to avoid incorrect calculation of the instantaneous
pressure in CG systems due to improper setting of parameters for generating neighbor lists
has been recently reported by Kim et al.? Specifically for GROMACS, this translates to

setting the following simulation input parameters: nsttcouple = 1, nstpcouple = 1, and

verlet-buffer-tolerance = 0.0005.

A water-dodecane interfacial system was built by first generating two slabs of the pure
liquids with the insane program® of roughly the same dimensions (6 x 6 x 5 nm) and
stacking them together in the z-direction so that the system is isotropic in the x — y plane.
The combined system contains 512 CG dodecane and 1379 CG water molecules. This
initial configuration was first energy minimized and then equilibrated under constant area,
temperature and normal pressure (N P,aT’) for a total time of 200 ns. This was followed by
a production run under the same conditions for a total time of 1,000 ns storing the particles
positions and velocities at every 5 ps. From this N P,aT production run, a simulation frame
was extracted which most closely matched the average box dimensions/volume. This box-
average frame was then used to setup 5 independent simulation replicas with different initial
velocities to compute the local elasticity and stress tensors. Each replica was simulated at
constant volume (NVT) for a total time of 3,000 ns. The local elastic coefficients ¢, (z) and
stress 0;(z) were obtained from the average of the five replicas using a grid spacing of 0.1 nm
in the z-direction and sampling every 50 steps. The local stress/elasticity implementation
in GROMACS-LS uses trilinear weight functions to define w(z;r® — ) and B(r®,r’; x)
used to discretize the resulting fields as described in detail by Vanegas et al*!

A 1,2-dioleoyl-sn-glycero-3-phosphocholine (DOPC) bilayer containing 200 CG lipids (100

per leaflet) and 2,980 CG water molecules was constructed with the insane program. This

13
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DOPC system was first energy minimized and then equilibrated under temperature and
pressure (NPT) for a total time of 200 ns. This was followed by a production run under
the same conditions for a total time of 1,000 ns storing the particles positions and veloc-
ities at every 5 ps. From this NPT production run, a simulation frame was extracted
which most closely matched the average box dimensions/volume. This box-average frame
was then used to setup 5 independent simulation replicas with different initial velocities
to compute the local elasticity and stress tensors. Each replica was simulated at con-
stant volume (NVT) for a total time of 5,000 ns. The local elastic coefficients ¢, (2)
and stress o0;;(z) were obtained from the average of the five replicas using a grid spac-
ing of 0.1 nm in the z-direction and sampling every 50 steps. An additional large DOPC
system, containing 1,800 lipids and 26,800 waters, was simulated using the same equili-
bration (200 ns) and constant temperature/pressure protocol (1,000 ns) to estimate elastic
properties (e.g., the bending and tilt moduli) of the membrane with independent methods.
This large DOPC trajectory, saved at 100 ps intervals, was analyzed using three different
methods: 1) power spectra fluctuations™1*%% using the PO4 beads to define the surface
and, 2) lipid director fluctuations™ using the PO4 and C4* beads to define the director
field and Z-normalization, and 3) spatial extent (SPEX).™ The power spectra and lipid
director fluctuations were analyzed with Python code from the group of Markus Deserno
available from https://github. com/mferguder/Membrane-Fluctuation-Documentation.
The spatial extent analysis was carried out with the MembraneAnalysis.jl code available

from https://github.com/amiralih/MembraneAnalysis. j1.

The local extrinsic elastic coefficients é,,,(z) were also computed from explicit defor-
mation simulations by computing the change in the local stress relative to a given strain
(Egs. [29435)). The z-coordinates of all deformed systems were uniformly scaled to match the
dimensions of the undeformed configuration before performing the linear fits to determine
the local coefficients. In practice, the uniform scaling is accomplished by using the same
grid size for all systems regardless of the z-box dimension. Systems were simulated under
three constrained ensembles: 1) N P,aT’, where the area in the x — y plane was fixed at the
average value and the pressure in the z-direction was kept constant at 1 atm for 1,000 ns, 2)
NP,,ZT, where the z box dimension was fixed at the average value, and the pressure in the
x — y plane was kept constant semiisotropically for 1,000 ns at the average value obtained

for each system: -65.5 atm for water-dodecane and 1 atm for DOPC, and 3) NVT with

14
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the equilibrium simulation box sheared in the y — z or x — y planes for 100 ns each. For
the first two constant pressure ensembles, a set of 19 frames were extracted which span the
range of the 10th to 90th percentile (p) of the simulation volumes computed over the length
of the trajectory. One frame was extracted that matched the average volume (p = 0.50),
while 9 frames were uniformly extracted in each of the compressive (0.10 < p < 0.50) and
expansive (0.50 < p < 0.90) regimes. Each of these ED simulations was run under con-
stant volume and temperature (NVT) for a total time of 500 ns for DOPC and 1,000 ns for
water-dodecane. The coefficients for the compressive and expansive regimes were indepen-
dently computed using an equal grid size and then averaged to obtain the final values of the
extrinsic coefficients. For the shear simulations, 10 frames were extracted from each of the
non-equilibrium box-deformation trajectories and equilibrated for 100 ns. Each of these 20
shear ED simulations was then run under constant volume and temperature (NVT) for a
total time of 500 ns for DOPC and 1,000 ns for water-dodecane. The local stress for systems
where the box is not rectangular must first be transformed by a rotation matrix, where the
angle is given by the relation tan ¢ = ¢;;, before computing the extrinsic shear coefficients
using Eqs. 29 and [31] The lateral stretch modulus profile, Ap,(z), of the DOPC membrane
was estimated using Eq. [1| by simulating 19 systems with frames extracted from the equi-
librium N PT trajectory that span the range of the 10th to 90th percentile of the simulated
areas. Each frame was then equilibrated under constant area and ambient normal pressure
(NP,aT) for 100 ns and subsequently simulated for 1,000 ns to compute the lateral stress
profile at each fixed area. All data analysis and plots created using the python NumPy,
SciPy, and Matplotlib libraries ™

IV. RESULTS AND DISCUSSION
A. Local elasticity profiles across a liquid-liquid interface

We first analyze a simple liquid-liquid interface composed of layers of MARTINI CG
water and dodecane and compute the local elastic coefficients using the SSF method as
shown in Figure [l This interfacial system is transversely isotropic in the z — y plane
and therefore the elastic coefficients only vary along the z direction. The z-profiles for the

coefficients ¢11(2z) and ¢q2(z) are equal to each other as expected from the symmetry of the
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FIG. 1. Local elasticity profiles of a MARTINI water-dodecane interface. A) Coefficients that
couple stress and strain in the  — y plane: ¢11, c12, co1, and coa. B) Extrinsic coefficients ¢1; and
¢12 compared to the average obtained with the explicit deformation (ED) method. Dotted lines in

panel A show values obtained for the pure liquids/52

system and their values decrease in the vicinity of the interface (z &~ +2 nm) due to the
lower material density in this region (Figure ) Surprisingly, these local coefficients are
significantly smaller in magnitude than the observed c¢;; values for either of the pure liquids
(dotted red and gray lines in Figure ) A similar pattern is observed for the off-diagonal
coefficients c12(2) and cy1(z) (Figure [JA) where the values decrease near the interface and
the magnitudes are smaller than the bulk values. The average of the extrinsic coefficients
¢11(2z) and ¢12(z) obtained with the explicit deformation method (Eq. is in excellent
agreement compared to the values from the SSF formula as shown in Figure [TIC. Due to
the fluid nature of the liquid-liquid interface, the two coefficients ¢;1(2) and ¢;5(2) cannot
be independently obtained with the explicit deformation method as any strain will always
result in a uniform change in the in-plane stresses 0., and o,,.

To further explore the large decrease in the values of the local elasticity profiles com-
pared to the values obtained for the pure liquids, we take a closer look at the individual
contributions from the Born, fluctuation, and kinetic terms to ¢11(z). The z-profile of the
Born term (Figure ) clearly shows that c?,(z) is significantly smaller at the interface due

to the lower density, but reaches the expected values of the pure fluids, either water or do-
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FIG. 2. Contributions from the Born (c};, A), fluctuation (cf}, B), and kinetic (cf, C) terms to
the ¢11 coefficient for the dodecane-water interface. Panel C includes a comparison to 4p(z)kpT,
where p(z) is the number density, which is obtained by integrating the momentum terms in Eq.

using the equipartition theorem.

decane, at ‘bulk’ z locations far enough from the interface. In contrast to this, the z-profile
of ¢f1(z) (Figure 2B) shows that the stress fluctuations are larger in magnitude in the bulk
liquid regions as the values are more negative compared to pure water or dodecane (dotted
red and gray lines). The kinetic term c&{(2) (Figure 2IC) shows a similar pattern to the
Born term where the bulk values approach those observed in the pure liquids. Furthermore,
i, () is proportional to the number density, p(z), and matches exactly the relation 4p(2)kgT
(Figure 2IC), which is obtained by integrating the momentum terms in Eq. using the
equipartition theorem.” Together, these results indicate that the overall ‘softening’ of the
interfacial system even in regions far enough from the interface, where one would expect

bulk-like behavior, stems from increased fluctuations in the stress.

While the intrinsic coefficients ¢11(z) and c¢12(2) appear very similar to each other, they
need not to be identical as long as they follow the transverse isotropic stability condition
[ (2) — c12(2)] = cg6(2). Indeed, the lateral shear coefficient cgs(z), acting in the z —y
plane, closely matches the stability condition as well as —o,,(z) as shown in Figure . We
are not aware of any mathematical relation that would require the cgs(2) = —0,,(2) for such

a system. In contrast to the lateral shear, the transverse shear coeflicients c44(2) (y— 2z plane)

and ¢55(2) (z—2 plane) fluctuate near zero (Figure[3A). The shear extrinsic elastic coefficients
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FIG. 3. Shear deformation elasticity profiles of a MARTINI water-dodecane interface. A) Shear
deformation coefficients c44 (y — z plane), cs5 (z — z plane), and cgs (x — y plane). The negative of
the lateral stress, —o,(2), shown for comparison. B) Extrinsic coefficients é44 and égg compared

to the explicit deformation (ED) method.

are in excellent agreement with the profiles obtained with the explicit deformation method
as shown in Figure BB. Although noisy, it is clear that the extrinsic lateral shear coefficient
¢e6(2) vanishes, which is consistent with the relation ¢g = g6 + %(am + 0,,) (obtained
from Eq. and the empirical observation that cg(2) = —044(2) = —0yy(2). Similarly, the
extrinsic transverse shear coefficient éyy(2) = c4q+ %(0m +0,,) takes a non-zero value due to
the contribution from the local stress. The observation that the extrinsic transverse shear
modulus, 5P (z2), obtained by deforming the system is non-zero is counterintuitive given the
expectation that the off-diagonal elements of the stress should vanish, o,,(2) = 0,.(2) = 0,
for any fluid system at equilibrium. However, one needs to consider that the stress tensor
in the non-rectangular sheared configuration is given by o’(z) = R (2)R, where R is a

rotation matrix about the axis not involved in the shear and the angle of rotation is given

by tan ¢ = €;;. In the case of a pure xy shear deformation, the transformed stress is

/

Ury(z) = [oyy(2) — 02 (2)] sin Y cOS @ + 04y (2) cOS(200), (36)

which vanishes as 0,,(z) = 0,,(2) due to the transverse isotropy and o,,(z) = 0. However,
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FIG. 4. Local elasticity profiles of a MARTINI water-dodecane interface. A) Coefficients that couple
0., and/or €,,: c13, ca3, C31, 32, and c33. B) Extrinsic coefficients ¢13, €31, and ¢é13 compared to
the explicit deformation method (ED). Dotted lines in panel A show values obtained for the pure

liquids.?2

in the case of a pure xz shear deformation, the transformed stress is

/

04:(2) = [02a(2) = 022(2)] sin @ cos ¢ + 0. (2) cos(2¢), (37)

which does not vanish even though o,,(z) = 0.

The z-profiles for elastic coefficients that couple o, and/or €, are shown in Figure . The
coefficients ¢13(2) and co3(2) are equal to each other as expected from the symmetry in the
x — y plane and their z-dependence is similar to ¢12(z). However, the coefficients c3;(z) and
c32(z), although equal to each other, are approximately constant across the interface (see
Figure ) and locally break the major symmetry of the elasticity tensor (i.e., ¢13(z) # c31(2)
and co3(z) # c32(2)). Note that at the level of the whole system the major symmetry is
maintained as the z-averaged values are numerically indistinguishable, ¢;3 = ¢37 = 537.43
MPa. Furthermore, the coefficient c33(2) is also approximately constant across the interface
(Figure ) although its value is slightly larger (¢33 = 553.8 & 2.3 MPa) which matches the
average values of ¢11(2) and cg9(2) in the bulk-like dodecane and water regions.

To understand why the three local coefficients c31(2), c32(2), and c33(z) are constant
across the liquid-liquid interface, we consider the equilibrium condition which dictates that

dive(x) = 0 (i.e., no net forces act on the system). For a transversely isotropic system, the
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equilibrium condition simplifies to

do,.(z) 0O

0z %[031 (2)€s + c32(2)€yy + cas(2)€z] = 0. (38)

This relation has two important consequences for the liquid-liquid interface: i) o,,(2), the
normal component of the stress, must be constant, and ii) c31(2), c32(2), and c33(z) must
also be constant in order for Eq. to be true for any strain values. Conceptually, the
equilibrium condition for this liquid-liquid interface specifies that any strain acting in the
x —y plane or in the z direction must induce a uniform change in the normal stress, o,,(%).
Comparison of the SSF formula extrinsic coefficients ¢;3(z), ¢31(2), and és3(z) with profiles
obtained through the explicit deformation method (Egs. in Figure shows excellent
agreement and further validates the local breaking of the major symmetry of the elasticity

tensor.

B. Elasticity profiles of a DOPC lipid bilayer

Having established the expected behavior for the local elasticity profiles with the sim-
ple liquid-liquid interface, we now characterize the more complex and biologically relevant

DOPC lipid membrane patch composed of 200 lipids (see Methods), which is also trans-

B ,r
3
2.
1-
£,
¥
_1.
-t -2t
g ""%(5|1+512).ED '
£ —3f—¢u
a: -
o T C12
o _4.

800 900 1000 800 900 1000
Elastic coeff. (MPa) Elastic coeff. (MPa)

FIG. 5. Local elasticity profiles of a MARTINI DOPC lipid bilayer for coefficients that couple stress
and strain in the  —y plane. A) Intrinsic coefficients c11, c12, ¢21, and 2. B) Extrinsic coefficients

¢11 and ¢12 compared to the average obtained with the explicit deformation (ED) method.
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versely isotropic in the x — y plane. The z-profiles for the coefficients that couple stress and
strain in the z — y plane are shown in Figure [5JA. Similarly to the water-dodecane interface,
the in-plane symmetry and lateral fluidity in the DOPC bilayer result in ¢11(2) = ¢92(z) and
c12(z) = ¢21(2). The values of ¢11(2) and ¢15(2) equal each other in the water region (z > 3
nm and z < —3 nm) as expected from the isotropy of the fluid, and generally follow the same
trend of increased stiffness in the headgroup region followed by a softening at the hydrocar-
bon interface (Figure [JJA). The extrinsic coefficients ¢11(z) and ¢12(z) are indistinguishable
from each other as expected from the lateral fluidity and are also in excellent agreement

with the average z-profile obtained from the explicit deformation method (Figure )

In contrast to the simple water-dodecane system, where the coefficients had values much
lower than the pure individual fluids, the ¢;1(z) and ¢12(2) profiles for the DOPC membrane
have values generally larger than pure water except near the hydrophobic-water interface
(Figure [fJA). To better understand this observation, we again turn to the individual contri-
butions from the Born, fluctuation, and kinetic terms of ¢;; as shown in Figure[6] The Born
term (Figure[6JA) shows that values in the water region match the pure fluid and vary within

the bilayer roughly following the system density (larger near the phosphate headgroups and
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FIG. 6. Contributions from the Born (¢}, A), fluctuation (cf}, B), and kinetic (cf, C) terms to
the ¢11 coefficient for the DOPC lipid bilayer. Panel C includes a comparison to 4p(z)kgT’, where
p(z) is the number density, which is obtained by integrating the momentum terms in Eq. using

the equipartition theorem.
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smaller near the bilayer midplane). The fluctuation term shown in Figure follows an
opposing pattern compared to the Born term with the water region showing less negative
values compared to the pure liquid. This is in contrast to the water-dodecane interface
where the values of !} (2) where more negative compared to the pure fluids, which resulted
in significant softening of the two liquids together. As the lipids are only able to freely diffuse
laterally, energy exchange between the bilayer and the solvent is limited and therefore the
energy and stress fluctuations are also reduced. The kinetic contribution follows exactly the
relation 4p(z)kgT and the values in the water region closely match that of the pure liquid
(Figure [6[C).

Continuing with the elastic coefficients that couple ¢,, and/or €,,, the expected symme-
tries due to lateral fluidity are conserved as c13(2) = c23(2) and c31(2) = c32(2) (Figure [TA).
However, the major symmetry zzzz <> zzzx is again locally broken as ¢3;(z) remains con-
stant due to mechanical equilibrium (Eq. while ¢13(2) initially increases near the polar
headgroups and significantly softens not only at the hydrocarbon-water interface but also in
the acyl chain region (Figure ) As with the dodecane-water interface, the whole system
major symmetry is maintained as ¢;3 and ¢3; have indistinguishable values. The coefficient

c33(2) is also constant and matches the value of ¢13(2) in the water region, which is shifted
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FIG. 7. Local elasticity profiles of a MARTINI DOPC lipid bilayer for coefficients that couple o,
and/or €,,. A) Intrinsic coefficients c;3, co3, c31, c32, and c33. B) Extrinsic coefficients ¢;3, €31, and

¢13 compared to the explicit deformation (ED) method.
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to more positive values compared to cs1(z) (Figure[7A). Furthermore, the elastic coefficients
in the water region of the DOPC membrane are significantly larger in value compared to
the pure fluid. Profiles of the extrinsic coefficients obtained with the explicit deformation

method are also in excellent agreement with the SSF values (Figure [7B).

C. Membrane fluidity and local shear moduli

The z-profiles for the shear coefficients of the DOPC membrane are shown in Figure
Similarly to the water-dodecane interface, the intrinsic transverse shear coefficients c44(z)
and ¢55(z) vanish (Figure [§A) while the lateral shear coefficient cg6(z) closely matches the
transversely isotropic stability condition, $[c11(2) — ¢12(2)] = ce6(2), and the negative of the
lateral stress, —o,,(z). Furthermore, the extrinsic transverse shear, ¢4 = c4q + %(Jm +0..),
is non-zero and is proportional to the stress, while the extrinsic lateral shear, ¢g5, vanishes
(Figure [§B). The extrinsic transverse and lateral shear coeflicients are also in excellent
agreement with the profiles obtained from the explicit deformation method (Figure [8B).
See Section for a discussion on why the extrinsic transverse shear coefficient ¢iP(z) is
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FIG. 8. Shear deformation elasticity profiles of a MARTINI DOPC lipid bilayer. A) Intrinsic
coefficients ¢4 (y — 2z plane), cs5 (v — 2z plane), and cgg (x — y plane). The negative of the lateral
stress, —og,(2), shown for comparison. B) Extrinsic coefficients é44 and égg compared to the explicit

deformation (ED) method.
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non-zero.

The condition of membrane fluidity and its consequences to the energetics of deforma-
tion have been extensively discussed in previous works#1% Fluidity in the plane of the
membrane is associated with the lateral shear modulus, commonly denoted as Ag(z), which
corresponds to the elastic coefficient of pure lateral shear (i.e., volume and area preserving)
and equals Ggg(2z). While it has been suggested that Ag(z) may be non-zero locally as long
as [ As(z)dz = 0 (i.e., global fluidity), our results unequivocally show that the membrane is
instead locally fluid, As(z) = ¢¢(2) = 0, as has been proposed by Pinigin et al.*® Similarly,
the fluid nature of lipid molecules allows them to adopt splayed or tilted configurations
that may contribute to the elastic response of the membrane. Curvature-tilt theories¥™©
define the bilayer tilt modulus, k¢, as the integral of the local transverse shear modulus,
ke = J°o_ Ar(z)dz. The modulus Ar(z) corresponds to the elastic coefficient of pure trans-
verse shear (i.e., volume and area preserving) and equals ¢44(z). While this quantity is
non-zero locally, the integral ffooo ¢44(2)dz for the five independent simulation replicas varies
between small positive and negative values and has an average value of 0.4440.62 kgT'/nm?
indicating that the transverse shear modulus vanishes globally. This result suggests that
the deformation energy associated with tilting of the molecules in a fluid membrane does
not originate from a pure tilt as it has been assumed, and instead one must consider tilt

deformations that induce area/thickness strains.

D. Membrane deformation moduli

As a lipid membrane is deformed, the individual elastic coefficients ¢é,,,(z) described
in the previous sections give rise to different mechanical responses depending on the
type of deformation. Omne of the most important membrane deformations to consider is
lateral area stretching/compression that is macroscopically described by the area expan-
sion/compressibility modulus, k,. As discussed in the Introduction, one can define the
lateral stretch modulus profile 3031 \; (2) (Eq. [I)), which is related to the global modulus
through the relation s, = ffooo AL(2)dz. One can can also define an approximate relation

for the Young’s modulus from the extrinsic elastic coefficients ¢,,,(z),

E(z) =~ [611(2’) + 612(2’) + 2633(2) — 2513(2) — 2531(2)], (39)

N | —
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by assuming incompressibility, €,, + €,, + €.. = 0, and grouping together all the free energy
terms associated with area/thickness strain.*” Under the constraint of incompressibility, the
lateral stretch modulus is equivalent to the local Young’s modulus, E(z) = Ap(z), and
therefore these two quantities are used interchangeably in the literature.

Rather than grouping together like terms in the free energy, we take a continuum approach
and define elastic moduli through the compliance tensor, s;;;, which relates strain to stress
in the inverse of Hooke’s law, €;; = ;Ao The individual compliance coefficients can be

obtained from the elasticity tensor through
- . 1
CijklSkipg = SijkiCkipg = 5(5ip5jq + dig0jp), (40)
or from the stiffness matrix in Voigt notation
5mn5np == Smnénp - 5mp- (41)

Note that the coefficients in s,,, are in general not equal to the corresponding s;;; because

of the number of times a given s,,, appears in Eq. [dI] However, they follow these simple

relations®t
Sijkl = Smn, if m,n = 17 27 37 (423)
1
Sijkl = ismn, if m=1,2,3, n=4,5,6, and if m =4,5,6, n=1,2,3; (42b)
1
Sijkl = Zsmnv if m,n = 47 57 6. (426)

t " we define the area modulus of a membrane, fl(z), as the

Following the work of Scot
ratio of an equibiaxial tension acting on the membrane plane (x — y) to the relative change

in area on the same plane. As such, this modulus is given by the relation

A(2) = [siga(2) (@i + Gdy) (@ata + Gg)] ™ (43)
where {&, 9, £} are the orthonormal cartesian unit vectors such that 6;; = &;%; + ;9; + 2:%;.
After substitution with the corresponding elements of the compliance, one obtains

~ 1 _ 613(2)531(2)

AGz) = 5len(z) + () ~ LS (44)

where we have assumed transverse isotropy, lateral fluidity, and only minor tensor symme-

tries. One can similarly define the elongation or Young’s modulus for a membrane as the
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ratio of a uniaxial tension acting along 2 relative to the change in extension in the same

direction. This results in the relation

E(z) = [siju(2)zi2265]) " (45)

= an(2) — 2513(2)531(2)
= al2) c11(2) + C12(2) (46)

While A(z) and E(z) describe similar deformations, they need not be equal except in the
limit of zero incompressibility (i.e., infinite bulk modulus).™ The Poisson ratio can be simi-

larly defined as

Voe(2) = —E(z)sijkl(z)éiéjikil (47)

o 631(2)
©n(2) + éa(2)’ (48)

where 2 defines the direction of extension (i.e., the direction of applied force) and & the
direction of transverse deformation.

Profiles for the A(z), E(z), and Ap(z) moduli for the DOPC membrane are shown in
Figure @A The close agreement between A(z) and A(z) shows the definitions of these
two quantities are consistent with each other. The combination of elastic coefficients that
results in A(z) gives rise to a unique variation pattern with maxima near the headgroup
and acyl chain regions, and minima in the vicinity of the hydrocarbon-water interface and
the bilayer midplane. Surprisingly, fl(z) displays negative values in the solvent region just
beyond the headgroups indicating that this thin (~ 1 nm) layer of water softens the mem-
brane’s macroscopic elastic response. A local value of fl(z) < 0, which implies that a pulling
tension induces a local reduction in the area and not the expected expansion, does not
violate the overall material stability conditions as long as ffooo A(z)dz > 0. The area com-
pressibility modulus obtained by integrating fl(z) over the extent of the simulation box,
Ko = [ A(z)dz, has a value of 309 & 12 mN/m (72.2 + 2.7 kgT/nm?) that is well within
the expected experimental range of 200-300 mN/m for PC lipids.®*% It is also in excellent
agreement with the value of 309 + 11 mN/m estimated from the area fluctuations in the

NPT production simulation using the relation

par _ _keT{a) (49)

(a2) — (a)’

Beyond computing ., the area modulus can be used to estimate the position of the
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FIG. 9. Local elastic moduli of a MARTINI DOPC lipid bilayer. A) Area, A, and Young’s, E,
moduli obtained from the coefficients ¢, using Eqs. [44] and [46] compared to the lateral stretch
modulus, A, and lateral stress, or,. Position of the neutral surface, 2y, of the upper leaflet shown
in red. B) Poisson ratio, v,;, describing the negative ratio of a strain induced in the z-direction,
in the membrane plane, due to an applied strain in the z-direction, normal to the membrane (see
Eq. . Inset on the left shows the mass density profiles of the DOPC lipids (HG = headgroups

and GL = glycerol backbone), water molecules, and entire system for reference.

monolayer neutral surface,*"*!

fooo i(z)z dz
[ZA(2) dz

0

(50)

20 —

Using this relation, we obtain a value of 2o = 1.10 £+ 0.03 nm, which is located near the
minima of the lateral stress profile below the glycerol backbone as shown in Figure [JA.
Wang and Desernd®! determined the position of the pivotal plane, which coincides with
the neutral surface for a planar membrane, for a DMPC MARTINI 2 membrane using the
buckling method and obtained a value of 0.85 nm. While the two lipids have different lengths,

DMPC has 3 CG tail beads instead of 4 for DOPC, the ratio of 2z, to the position of the

0.85 nm
1.35 nm’

maximum of the lateral stress profile for DMPC (in Wang and Deserno), 0.63 = is in

1.1 nm

o+ Recently, Foley and Desernd® have

good agreement with our DOPC results, 0.65 =

used the relation in Eq. [50] to estimate zo for the CG Cooke lipid model and found excellent

agreement compared to values estimated from membrane curvature. We also estimated the
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position of the monolayer neutral surface using the spatial extent (SPEX) method™#? to
analyze the fluctuations in a much larger DOPC membrane composed of 1,800 lipids (see
Methods). The value of zy obtained with the SPEX method, 0.912 £+ 0.007, lies closer to
the bilayer midplane compared to the value estimated from the area modulus.

In addition to the neutral surface, the area modulus A(z) can be used to estimate the

bending modulus, . Using the shorthand notation

[X]. = /OOO(Z — 20)" X (2) dz, (51)

we can write an expression for the monolayer bending modulus based on the curvature-tilt

theory of Terzi and Deserno™®? (TD),

Rm = [[A]]Q —HUL]]Q —|—|I)\S]]2 . (52)
HK

v~

TD

The last term, [As]2, is discussed by Hamm and Kozlov!®¥ (HK) but was not formally included
in their theory as they assumed that the lateral shear modulus was zero everywhere as we
showed in section [V C| Pinigin et al™ (PKAG) have further argued that the [or]s term
should also not be included in the estimation of the bending modulus based on stability
conditions. The second moment of the area modulus has a value of [A], = 8.1 & 2.6 kgT,
which is well within the range of the monolayer bending moduli 7.69 +0.05, 6.79 4 0.05, and
7.6 + 0.1 kgT obtained from power spectrum ***? lipid director,”*™ and SPEX"™ analysis
of the large 1,800 DOPC membrane respectively (see Methods for details). Addition of the
second moment of the lateral stress profile term, —[op]o = 2.25 + 0.15 kg7, from Eq.
would result in an over-estimation of the bending modulus compared to the values obtained
with the other independent methods.

Although the A(z) and E(z) profiles follow each other closely throughout the system
(Figure @A), the membrane is not perfectly incompressible at the local level as shown by
the Poisson ratio, v,,(z), in Figure . This unitless quantity describes the negative ratio
of the strain induced in the z-direction, in the membrane plane, due to an applied strain
in the z-direction, normal to the membrane. The local Poisson ratio has values near 0.5 in
the ‘bulk’ solvent region and near the bilayer midplane (Figure ), yet it deviates from

the ideal incompressible fluid behavior throughout the depth of the membrane with values
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below 0.5 in the headgroup and acyl chain regions and greater than 0.5 at the hydrocarbon-
water interface. When a normal compression induces a lateral expansion, the local volume
can: i) decrease for v,,(z) < 0.5, ii) remain constant for v.,(z) = 0.5, or iii) increase for
V.(2) > 0.5 Given that the average value of the Poisson ratio for the entire system is
0.501, a reduction of the volume in the headgroup and acyl chain regions is balanced by an
increase of the volume at the hydrocarbon-water interface. A similar local Poisson ratio was
obtained for a MARTINI 3 DMPC membrane using the explicit deformation method *# Terzi

154 obtained the local Poisson ratio for an atomistic DOPC membrane via a volumetric

et a
approach and similarly observed values below 0.5 in the acyl chain region, but did not
observe the sharp increase above 0.5 near the interface. Note that while the Poisson ratio of
isotropic materials is bound by —1 < v < 0.5 due to the material stability conditions, the

Poisson ratios of transversely isotropic and other anisotropic materials are not bounded ®

V. CONCLUSIONS

We have presented an extensive characterization of the local elastic properties of a simple
liquid-liquid interface and a lipid membrane using the SSF method. The excellent agreement
with results obtained from the independent explicit deformation method demonstrate the
robustness of the local SSF formula and applicability for soft materials. The unexpected
breaking of the local major symmetry of the elasticity tensor for both the water-dodecane
interface and DOPC membrane must be carefully considered when defining deformation
moduli from the individual coefficients. Our results shed light on important questions and
assumptions regarding membrane fluidity and incompressibility that have been present in
the literature for the last couple of decades. The finding that the lateral shear modulus of
the DOPC membrane is zero throughout the bilayer questions the notion that pure shear
in the plane of the membrane contributes to the elastic deformation energy as proposed
by TD*5 Similarly, the transverse shear modulus is locally non-zero, but its integral
vanishes, which suggests that pure tilt (i.e., volume and area preserving) does not contribute
to the macroscopic tilt modulus as proposed by tilt-curvature theories.t*¥ This does not
necessarily mean that there is no energetic cost associated with lipid tilt, but suggests that
the energetic penalty comes from changes in the area/thickness of the bilayer due to tilting.

By objectively defining the area and Young’s moduli as well as the Poisson ratio through the
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compliance tensor, we have directly probed the assumption of membrane incompressibility.
The local Poisson ratio for the DOPC membrane shows that the bilayer can significantly
deviate locally from the ideal incompressible behavior, yet the area and Young’s moduli are
largely indistinguishable, which suggests that the assumption of membrane incompressibility

is a viable approximation under certain circumstances.
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