
Elastic coefficients from MD simulations AIP/123-QED

Microscopic elasticity from MD part I: Bulk solid and fluid systems

Andrew L. Lewis,1 Ben Himberg,2 Alejandro Torres-Sánchez,3 and Juan M. Vanegas4

1)Department of Physics, The University of Vermont, Burlington, VT,

USA.
2)Materials Science Graduate Program, The University of Vermont, Burlington,

VT, USA.
3)European Molecular Biology Laboratory, Barcelona, Spain.
4)Department of Biochemistry and Biophysics, Oregon State University, Corvallis,

OR, USA.

(*Electronic mail: vanegasj@oregonstate.edu)

(Dated: 23 September 2025)

Computational modeling such as molecular dynamics (MD) and Monte Carlo simula-

tions can be used to estimate the elastic properties of materials through various stress

and strain relationships. Here, we demonstrate the effectiveness of the stress-stress

fluctuation (SSF) method to estimate the elastic properties of simple van der Waals

and molecular materials. Starting with argon in the solid, liquid, and gas phases, we

show that the SSF method gives elastic coefficients and moduli in excellent agreement

with values obtained with the explicit deformation and volume fluctuation methods.

Comparison of the elastic coefficients and bulk modulus for solid argon with previ-

ous computational studies and experimental data provide further validation of our

numerical implementation. Beyond argon, we show that the elastic properties of

molecular fluids simulated with the CG MARTINI force-field, which include multi-

body interactions such as angle potentials, are also accurately captured by the SSF

method. Moreover, the impulsive correction for truncated potentials is essential to

obtain accurate values for these fluids and vanishing shear moduli. Our results high-

light the broad applicability of the SSF method, which does not require any material

deformation, across a broad range of systems and lays the foundation for its use to

characterize the elastic properties of complex molecular systems.
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I. INTRODUCTION

The elasticity tensor is a fundamental quantity in continuum mechanics as it describes the

stress-strain relationship in linearly elastic materials. The individual coefficients of the elas-

ticity tensor are often obtained experimentally for a given material, or may also be estimated

computationally from Monte Carlo or molecular dynamics (MD) simulations.1–6 Within the

context of soft biomaterials such as lipid membranes, elastic moduli of stretching, bending,

and tilt play an essential role in describing the energetics of membrane deformation.7–13 Like

the bulk and the Young’s modulus, these macroscopic membrane moduli have well defined

underpinnings based on the microscopic components of the elasticity tensor.10–13 Moreover,

accurate values of these moduli are important to properly capture the balance between com-

peting phenomena in continuum models of cellular/organellar shape, mechanotransduction,

and membrane-protein association among others.14–18 However, obtaining elastic coefficients

and/or effective moduli of soft materials such as lipid membranes poses a great challenge

both experimentally and computationally.19–21 This is due to various difficulties including

finding deformation methods that individually probe certain modes,22,23 decoupling equilib-

rium energetics from viscous dissipation effects,24–26 and developing theoretical frameworks

that can consistently describe both experimental and computational measurements.20,27–29

Elastic coefficients of materials are most commonly obtained computationally through

three types of methods: 1) explicit deformation, 2) strain/shape fluctuations, and 3) stress

fluctuations.3,4,30–34 In the first method, the material is deformed by applying a uni or

multi-axial stress and measuring the resulting strain. While conceptually simple, the ex-

plicit deformation method has various drawbacks such as having to apply different types

of strains to capture the various coefficients, determining an appropriate linear deformation

regime, and inability to decouple individual terms for certain types of material symme-

tries as even uniaxial deformations will depend on a combination of elastic coefficients. In

the strain/shape fluctuation method, the material is simulated under an isothermal-isostress

(NσT ) or isothermal-isobaric (NPT ) ensemble and the elastic coefficients are obtained from

the fluctuations in the dimensions of the simulation cell.3,30 A drawback of this method is

that it relies on proper sampling of the phase space of the system by the barostat which may

depend on simulation parameters such as the pressure coupling time constant and material

incompressibility for a given algorithm.35 In the stress-stress fluctuation (SSF) method, the
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material is typically simulated in the canonical ensemble (NV T ) and the elastic coefficients

are obtained from three contributions: a kinetic term that depends on the momenta of

the particles, the fluctuations in the stress tensor, and the Born term that depends on the

first and second derivatives of the potential.31–34,36 The SSF method has a long history that

includes early work by Born, Huang and others31,37,38 to characterize the elasticity of crys-

talline materials at low temperatures by explicitly defining the elasticity tensor from the

internal potential energy of the system (see Barron and Klein31 for a more detailed discus-

sion). Squire et al.1 later extended the theory by defining the elasticity tensor starting from

the Helmholtz or canonical free energy and showing that at finite temperatures fluctuations

in the stress provide a significant contribution to the overall values. General expressions

for the SSF formula in the various thermodynamic ensembles are given by Bavaud et al.32

A key advantage of the SSF method is the ability to obtain all elastic coefficients from a

single equilibrium simulation at constant volume. Computing the so-called Born term of the

elasticity tensor, which depends on the first and second derivatives of the potential, requires

that the potential can be decomposed into central pairwise terms.36,39 Multi-body potentials

that are often defined in terms of angles or dihedrals must be written in terms of pairwise

distances.40–44

The application of the SSF method has been largely focused on solid (crystalline) and

glassy systems.1,5,6,33,34,40,41,45 Early work on cross-linked polymers46,47 suggested that this

method may not be suitable to estimate the elasticity of fluid-like systems due to lack of con-

vergence and inherent stability issues.48 However, it is unclear if those studies46,47 adequately

included the impulsive corrections5 needed to accurately compute the Born term from the

truncated Lennard-Jones potential. A more recent study by Lips and Maass49 computed the

local elasticity tensor for a coarse-grained lipid membrane using Monte Carlo simulations.

Here, we present an extensive MD simulation study demonstrating the effectiveness of the

SSF method to estimate the elastic properties of soft materials such as molecular liquids. We

show that the SSF formula produces elastic coefficients for argon in the solid, liquid, and gas

phases in excellent agreement compared to other methods and consistent with theoretical

expectations of material stability. Furthermore, we show that the impulsive correction for

truncated potentials is essential to obtain accurate elastic coefficients especially for liquids.

We carefully consider the convergence of the method for different systems and provide cri-

teria for efficient sampling. We also characterize the elastic coefficients of molecular liquids
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based on the popular coarse-grained MARTINI50 force-field, which include bonded 3-body

interactions such as harmonic angle potentials. Our results show that the SSF method is

a powerful tool to characterize the elastic properties of solids and soft materials from MD

simulations. We further explore application of the SSF method to characterize the elastic

properties of liquid-liquid interfaces and lipid membranes in our companion paper.51

II. THEORY

A. Stress and Elasticity Tensors from the Canonical Free Energy

To obtain the elasticity tensor from MD simulations, we follow the derivation provided

by Tadmor and Miller36 (Ch. 8) and start by considering the canonical free energy of the

system, A. This free energy describes the total mechanical energy of our molecular system

and serves as the strain energy density within the context of continuum mechanics. The

Cauchy stress tensor, σ, can be obtained by finding the change in the free energy with

respect to a deformation

σ =
∂A

∂ε
⇔ σij =

∂A

∂εij
. (1)

Here, the deformation is represented by the infinitesimal strain or small strain tensor, ε,

which may be expressed vectorially or in index notation with lowercase Roman indices

determining the type of spatial deformation. Similarly, the elasticity tensor, c, is defined as

the change in the Cauchy stress with respect to another independent spatial deformation

c =
∂2A

∂ε∂ε
=
∂σ

∂ε
⇔ cijkl =

∂2A

∂εkl∂εij
=
∂σij
∂εkl

. (2)

The canonical or Helmholtz free energy is classically defined as

A = − 1

β
ln(Z), (3)

where Z is the canonical partition function and β = 1
kBT

. The partition function is defined

in terms of the system’s Hamiltonian, H, as

Z =
1

N !h3N

∫
exp(−βH(r,p)) drdp, (4)

whereN is the total number of particles, h is Planck’s constant, r =
(
r1, . . . , rα, . . . , rN

)
and

p =
(
p1, . . . ,pα, . . . ,pN

)
are the positions and momenta of the particles. The Hamiltonian
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of a system of N interacting classical particles subject to a potential, U(rα), is defined as

H(r,p) =
N∑
α

|pα|2

2mα
+ U(rα). (5)

In order to obtain the Cauchy stress or elasticity tensors from Eq. 3, we must take derivatives

of the partition function with respect to the strain tensor. To do this, we make use of finite

strain theory and the deformation gradient, F , which is a two-point tensor that defines how

changes of a material point in a reference configuration correspond to changes in the same

material point in the deformed configuration.

In the reference configuration, the coordinates of the particles are given by Rα ⇔ Rα
I and

P α ⇔ Pα
I , while in the deformed configuration they are given by rα ⇔ rαi and pα ⇔ pαi .

The deformation gradient is then defined as

Fi,J =
∂ri
∂RJ

, (6)

where the lowercase Latin indices refer to the spatial coordinates of the deformed config-

uration and the uppercase Latin indices refer to the material coordinates in the reference

configuration. Additional relations and identities involving the deformation gradient, in-

cluding mappings for the particles momenta, are included in Appendix A. Note that the

reference configuration need not be an equilibrium state, and the deformed configuration

could be any other state. This mapping is also independent of the choice of coordinates,

which do not need to be orthogonal. We now proceed to define the first Piola-Kirchhoff

stress, the energy conjugate of the deformation gradient, as

ΠiJ =
1

V0

∂A

∂Fi,J

=
−1

V0βZ

∂Z

∂Fi,J
. (7)

The first Piola-Kirchhoff stress is related to the Cauchy stress by

σij =
1

det(F )
Fj,JΠiJ , (8)

where det(F ) is the ratio of the volume of the deformed configuration to the volume of

the reference configuration (see Eq. A17 in Appendix A). Similarly, we can define the mixed

elasticity tensor DiJkL by taking the derivative of the first Piola-Kirchhoff stress with respect
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to the deformation gradient

DiJkL =
∂ΠiJ

∂Fk,L
=

1

V0

∂2A

∂Fk,L∂Fi,J

=
1

V0βZ

(
1

Z

∂Z

∂Fk,L

∂Z

∂Fi,J
− ∂2Z

∂Fk,L∂Fi,J

)
. (9)

Note that both ΠiJ and DiJkL are two-point tensors. The elasticity tensor is then obtained

through a transformation from the mixed elasticity tensor and the Cauchy stress

cijkl =
1

det(F )
Fj,JFl,LDiJkL − δikσjl. (10)

To obtain both ΠiJ andDiJkL, we must take derivatives of the partition function with respect

to the deformation gradient, which requires a canonical transformation of the Hamiltonian

coordinates rαi and pαi . A new Hamiltonian Ĥ can be generated by using the deformation

gradient

Ĥ(R,P ;F ) =
N∑
α

1

2mα
(F−TP α)i(F

−TP α)jδij + U(FRα), (11)

where Rα
I = F−1I,j r

α
j and Pα

I = FI,jp
α
j . This transformed Hamiltonian is equivalent to the

untransformed one as it preserves the symplectic structure of Hamilton’s equations. We

can use the transformed Hamiltonian to define the derivative of the partition function with

respect to the deformation gradient

∂Z

∂Fi,J
= − β

N !h3N

∫
∂Ĥ(R,P ;F )

∂Fi,J
exp(−βĤ(R,P ;F )) dRdP . (12)

Noting that the canonical expectation value can be defined as

〈Q〉 =
1

N !h3NZ

∫
Q(r,p) exp(−βH(r,p)) drdp (13)

=
1

N !h3NZ

∫
Q(R,P ;F ) exp(−βĤ(R,P ;F )) dRdP ,

we can write the derivative of the partition function with respect to the deformation gradient

in terms of the transformed Hamiltonian as

∂Z

∂Fi,J
= −βZ

〈
∂Ĥ

∂Fi,J

〉
, (14)

which allows us to write the first Piola-Kirchhoff stress as

Πi,J =
1

V0

〈
∂Ĥ

∂Fi,J

〉
. (15)
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We can similarly write the mixed elasticity tensor in terms of the transformed Hamiltonian

as follows

DiJkL =
∂

∂Fk,L

(
1

V0

〈
∂Ĥ

∂Fi,J

〉)
(16)

=
1

V0N !h3NZ

∫
∂2Ĥ

∂Fk,L∂Fi,J
exp(−βĤ) dRdP−

− β

V0N !h3NZ

∫
∂Ĥ

∂Fk,L

∂Ĥ

∂Fi,J
exp(−βĤ) dRdP+

+
β

V0(N !h3NZ)2

[ ∫
∂Ĥ

∂Fk,L
exp(−βĤ) dRdP

∫
∂Ĥ

∂Fi,J
exp(−βĤ) dRdP

]
=

1

V0

[〈
∂2Ĥ

∂Fi,J∂Fk,L

〉
− β

(〈
∂Ĥ

∂Fi,J

∂Ĥ

∂Fk,L

〉
−

〈
∂Ĥ

∂Fi,J

〉〈
∂Ĥ

∂Fk,L

〉)]

To compute the first and second derivatives of Ĥ with respect to the deformation gradient, we

must consider the corresponding derivatives of the potential U . Assuming that interatomic

potentials are conservative scalar functions of the particle positions,36,39 which is true for

most classical potentials used in MD simulations, we can replace the potential U(rα) with

a sum of central pairwise potential terms Ů(rαβ) such that

U(rα) =
∑
β 6=α

Ů(rαβ), (17)

where rαβ = rβ − rα and rαβ = |rαβ| is the distance between the pair of interacting particle

pairs α and β. Such a change in the description of the potential implies that the first

derivatives of the potential, i.e., the net forces acting on the particles, can be decomposed

into sums of central pairs

∂U

∂rαi
= −

∑
β 6=α

∂Ů

∂rαβ
rαβi
rαβ

. (18)

An N -body potential can in general be decomposed into 1
2
N(N − 1) possible pairs.36,39,43,44

Similarly, we must consider the position of two possibly independent particles, rα and rγ

to obtain the second derivatives of the potential. These two particles would be the same in

the case of a two-body potential, but may be different in the case of three-body or higher

order multi-body potentials. As such, the substitution of the original potential with a sum

of pairwise terms in the second derivative requires a double sum over the pairs {α, β} and
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{γ, ξ} to obtain

∂

∂rγj

(
∂U

∂rαi

)
=
∑
γ 6=ξ

∂

∂rγξ

(
−
∑
β 6=α

∂Ů

∂rαβ
rαβi
rαβ

)
∂rγξ

∂rγj

∂2U

∂rγj ∂r
α
i

=
∑
α 6=β

∑
γ 6=ξ

∂2Ů

∂rγξ∂rαβ
rαβi
rαβ

rγξj
rγξ

+
∑
α 6=β

∂Ů

∂rαβ
1

rαβ

(
δij −

rαβi rαβj

rαβ2

)
. (19)

Armed with the first and second derivatives of the potential we can proceed to compute

the first and second derivatives of the Hamiltonian giving expressions for Πi,J (Eq. 15) and

DiJkL (Eq. 16), and consequently σij (Eq. 8) and cijkl (Eq. 10).

The first derivative of the Hamiltonian with respect to the deformation gradient as

∂Ĥ

∂Fi,J
=
∑
α

∂

∂Fi,J

(
1

2mα
pαq p

α
q + U(rα)

)
(20)

=
∑
α

(
1

mα

∂pαq
∂Fi,J

pαq +
∂U

∂rαq

∂rαq
∂Fi,J

)
(21)

=
∑
α

(
−1

mα
F−1J,q p

α
q p

α
i +

∂U

∂rαq
Rα
Jδqi

)
, (22)

which allows us to write the first Piola-Kirchhoff stress as

ΠiJ =
1

V0

〈
∂Ĥ

∂Fi,J

〉

=
1

V0

∑
α

〈
−1

mα
F−1J,q p

α
q p

α
i +

∂U

∂rαi
Rα
J

〉
. (23)

We can further manipulate the second term in the equation above by recalling that the first

derivative of the potential can be expressed in terms of pairwise distances (see Eq. 18) such

that ∑
α

∂U

∂rαi
Rα
J = −

∑
α 6=β

∂Ů

∂rαβ
rαβi
rαβ

Rα
J . (24)

Noting that rαβi = −rβαi and Rαβ
J = Rβ

J −Rα
J , we can write the second term in Eq. 20 as

−
∑
α 6=β

∂Ů

∂rαβ
rαβi
rαβ

Rα
J = −1

2

(∑
α 6=β

∂Ů

∂rαβ
rαβi
rαβ

Rα
J +

∑
β 6=α

∂Ů

∂rβα
rβαi
rβα

Rβ
J

)

= −1

2

(∑
α 6=β

∂Ů

∂rαβ
rαβi
rαβ

Rα
J −

∑
β 6=α

∂Ů

∂rαβ
rαβi
rαβ

Rβ
J

)

=
∑
α,β
β>α

∂Ů

∂rαβ
rαβi
rαβ

Rαβ
J , (25)
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where the factor of 1/2 in the last line is folded into the double sum over the two particles α

and β by specifying that β > α which avoids over-counting pairs. We can insert this relation

into the first Piola-Kirchhoff stress (Eq. 23) to obtain

ΠiJ =
1

V0

〈
−
∑
α

1

mα
F−1J,q p

α
q p

α
i +

∑
α,β
β>α

∂Ů

∂rαβ
rαβi
rαβ

Rαβ
J

〉
(26)

which is then used to obtain the well known equation for the Cauchy stress,

σij =
1

V

〈
−
∑
α

pαi p
α
j

mα
+
∑
α,β
β>α

∂Ů

∂rαβ
rαβi rαβj
rαβ

〉
. (27)

Following a similar approach, the second derivative of the Hamiltonian with respect to the

deformation gradient can be written as

∂2Ĥ

∂Fi,J∂Fk,L
=
∑
α

1

mα

(
∂2pαq

∂Fi,J∂Fk,L
pαq +

∂pαq
∂Fi,J

∂pαq
∂Fk,L

)
+

+
∂2U

∂rγq ∂rαs

∂rαq
∂Fi,J

∂rγs
∂Fk,L

+
∂U

∂rαq

∂2rαq
∂Fi,J∂Fk,L

.

=
∑
α

1

mα

(
F−1L,iF

−1
J,q p

α
q p

α
k + F−1J,kF

−1
L,qp

α
q p

α
i + F−1J,q F

−1
L,qp

α
i p

α
k

)
+

+
∂2U

∂rγi ∂r
α
k

Rγ
JR

α
L. (28)

In the second to last term above, the second derivative of the potential can be replaced with

sums over pairwise terms (see Eq.19) as was done a few steps earlier in Eqs. 24 and 25:

∂2U

∂rγi ∂r
α
k

Rγ
JR

α
L =

∑
α 6=β

∑
γ 6=ξ

∂2Ů

∂rγξ∂rαβ
rαβk
rαβ

rγξi
rγξ

Rγ
JR

α
L +

∑
α 6=β

∂Ů

∂rαβ
1

rαβ

(
δik −

rαβi rαβk
rαβ2

)
Rα
JR

α
L

=
∑
α,β
β>α

∑
γ,ξ
ξ>γ

∂2Ů

∂rγξ∂rαβ
rαβk
rαβ

rγξi
rγξ

Rγξ
J R

αβ
L +

∑
α,β
β>α

∂Ů

∂rαβ
1

rαβ

(
δik −

rαβi rαβk
rαβ2

)
Rαβ
J Rαβ

L .

(29)

In the first term of the double sum above, we first iterate over the particle pair {α, β} and

then iterate over a second potentially independent pair {γ, ξ}.

The SSF formula for the spatial elasticity tensor is obtained by combining equations 10,

9



Elastic coefficients from MD simulations

16, and 28

cijkl = c0ijkl + cFijkl + cKijkl (30)

c0ijkl =
1

V

〈∑
α,β
β>α

∑
γ,ξ
ξ>γ

∂2Ů

∂rγξ∂rαβ
rαβi rαβj rγξk r

γξ
l

rαβrγξ
−
∑
α,β
β>α

∂Ů

∂rαβ
rαβi rαβj rαβk rαβl

(rαβ)3

〉
(31)

cFijkl = −βV
(
〈σinst

ij σinst
kl 〉 − σijσkl

)
(32)

cKijkl =
1

V

〈∑
α

1

mα
(δilp

α
j p

α
k + δjkp

α
i p

α
l + δjlp

α
i p

α
k + δikp

α
j p

α
l )

〉
. (33)

The so-called Born term, c0ijkl, corresponds to the adiabatic elasticity at T = 0 K, and it

represents the intrinsic elastic response of the material due to interatomic interactions. The

fluctuation term, cFijkl, corresponds to the covariance of the stress tensor, which is determined

by the energy fluctuations within the material. Note that σinst
ij in Eq. 32 corresponds to the

instantaneous value of the stress for any given system configuration and not the ensemble

average. Finally, the kinetic term, cKijkl, is obtained from the momenta of the particles in

the system. In general, the Born term tends to have positive values, while the fluctuation

term tends to be negative.

Classical molecular systems are often parametrized using bonded potentials such as har-

monic bonds (2-body), harmonic or cosine angles (3-body), and harmonic or cosine dihedrals

(4-body) among many others. Any 3-body or higher order potentials must be carefully in-

cluded in the Born term (Eq. 31) as we need to cast the potentials in terms of pairwise

distances.36,40,41 For a harmonic angle potential acting on particles α, β, and γ one can de-

fine the potential and its derivatives explicitly in terms of pairwise distances (rαβ, rαγ, and

rβγ) using various identities including the dot product and law of cosines (see Supplementary

Material). Once the first and second derivatives of the 3-body angle potential have been

obtained, one must then incorporate 9 different contributions into the first term of Eq. 31

which correspond to the three homo-pairs {rαβ, rαβ}, {rαγ, rαγ}, and {rβγ, rβγ} as well as

the 6 hetero-pairs {rαβ, rαγ}, {rαγ, rαβ}, {rαβ, rβγ}, {rβγ, rαβ}, {rαγ, rβγ}, and {rβγ, rαγ}.

Note that swapping the order of the hetero-pairs produces different contributions to the

Born term even though the second derivatives of the potential are interchangeable due to

Schwarz’s theorem, e.g.,
∂2Ů

∂rβγ∂rαβ
=

∂2Ů

∂rαβ∂rβγ
. (34)
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Definitions of all the bonded and non-bonded interatomic potentials used in this study,

including their first and second derivatives, are provided in the Supplementary Material.

In general, the elasticity tensor has 81 = 34 individual terms. However, this number

can be reduced through various minor (e.g., cxyxy = cyxxy) and major (e.g., cxxyy = cyyxx)

symmetries to 21 unique elements for bulk materials, which can be written as a symmetric

6× 6 stiffness matrix

cmn =



c11 c12 c13 c14 c15 c16

c12 c22 c23 c24 c25 c26

c13 c23 c33 c34 c35 c36

c14 c24 c34 c44 c45 c46

c15 c25 c35 c45 c55 c56

c16 c26 c36 c46 c56 c66


(35)

using the following compact Voigt notation:

Tensor Index: xx yy zz yz xz xy

Voigt Index: 1 2 3 4 5 6

For systems with isotropic or cubic symmetry, the stiffness matrix reduces to

cmn =



c11 c12 c12 0 0 0

c12 c11 c12 0 0 0

c12 c12 c11 0 0 0

0 0 0 c44 0 0

0 0 0 0 c44 0

0 0 0 0 0 c44


, (36)

where c44 = 1
2
(c11 − c12) for the isotropic case.

B. Compliance and Elastic Moduli

The values of the elasticity tensor obtained with the SSF formula (Eq. 30) correspond

to the intrinsic coefficients in an unstressed state where σij = 0. However, the coefficients

obtained from stress-strain relations, i.e., Hooke’s law, will differ for systems where σij 6=

0.31,32,41,52–54 The incremental change in Cauchy stress around a pre-stressed configuration is

not determined solely by the material modulus cijkl, but must also include additional terms
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that depend explicitly on the initial stress σij.53,54 This is because the stress rate must be

taken in an objective sense using the Truesdell rate.36 For an infinitesimal strain increment

εkl relative to the pre-stressed configuration, the change in stress is given by

∆σij = [cijkl + σjlδik + σjkδil − σijδkl]εkl, (37)

where summations are carried out over repeated Roman indices. This relation can be cast

into the standard form ∆σij = c̃ijklεkl, where the effective tangent modulus c̃ijkl incorpo-

rates both the material stiffness and the geometric contributions due to the pre-stress. By

symmetrizing the stress–strain contractions, we obtain a relation for the ‘extrinsic’ elasticity

tensor,

c̃ijkl = cijkl +
1

2
[σikδjl + σilδjk + σjkδil + σjlδik − 2σijδkl]. (38)

The elements of c̃ijkl are also known as Birch coefficients in the literature.53,55 The values

of cijkl and c̃ijkl are only significantly different for systems under high pressure or for gases,

where the elastic coefficients are of the order of the Cauchy stress. Also note that c̃ijkl only

fulfills major symmetries under conditions of hydrostatic loading.

While individual elastic coefficients may be obtained experimentally or computationally, it

is also common to measure moduli such as the Young’s modulus for uniaxial deformations or

the bulk modulus for isotropic volume changes. These moduli can be readily defined in terms

of the individual elastic coefficients by means of the compliance tensor, sijkl, which relates

strain to stress in the inverse of Hooke’s law, εij = sijkl∆σkl. The individual compliance

coefficients can be obtained from the elasticity tensor through

c̃ijklsklpq = sijklc̃klpq =
1

2
(δipδjq + δiqδjp), (39)

or from the stiffness matrix in Voigt notation

c̃mnsnp = smnc̃np = δmp. (40)

Note that the coefficients in smn are in general not equal to the corresponding sijkl because

of the number of times a given smn appears in Eq. 40. However, they follow these simple

relations54

sijkl = smn, if m,n = 1, 2, 3; (41a)

sijkl =
1

2
smn, if m = 1, 2, 3, n = 4, 5, 6, and if m = 4, 5, 6, n = 1, 2, 3; (41b)

sijkl =
1

4
smn, if m,n = 4, 5, 6. (41c)
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Starting with an orthonormal set of vectors {x,y, z} such that δij = xixj + yiyj + zizj,

the Young’s, Ẽz, and bulk modulus, B̃, can be defined as follows:56

1

Ẽz
= s̃ijklzizjzkzl (42)

1

B̃
= s̃ijkl(xixj + yiyj + zizj)(xkxl + ykyl + zkzl). (43)

The Poisson ratio can be similarly defined as

νzy = −Ẽz s̃ijklzizjykyl, (44)

where z defines the direction of extension and y the direction of transverse deformation.

Putting it all together, we obtain the well-known formulas for the Young’s modulus, bulk

modulus, and Poisson ratio for isotropic/cubic materials:

Ẽ =
(c̃11 + 2c̃12)(c̃11 − c̃12)

c̃11 + c̃12
(45)

B̃ =
c̃11 + 2c̃12

3
(46)

ν =
c̃12

c̃11 + c̃12
. (47)

Given that it is not always possible to compare computational values of the bulk modulus

with experiments, we compare the values obtained with the SSF formula with two other

methods: Explicit deformation and volume fluctuations. In the explicit deformation method,

one measures the bulk modulus from the change in the hydrostatic stress, σh = 1
3
tr(σ), as

the volume strain, εV = tr(ε), changes due to an applied hydrostatic pressure

B̃ED =
∂σh
∂εV

. (48)

In the volume fluctuation method, the system is simulated in the isothermal-isobaric ensem-

ble, NPT , and the bulk modulus is obtained from the fluctuations in the volume

B̃VF = −〈V 〉
(
∂ 〈V 〉
∂P

)−1
=

kBT 〈V 〉
〈V 2〉 − 〈V 〉2

. (49)

III. MD SIMULATION METHODS

Molecular dynamics (MD) simulations were performed with the GROMACS simulation

package v2020.57 A custom version of the GROMACS-LS software,42–44,58 which integrates
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GROMACS with the MDStress library, was used to run simulations to estimate the elastic

coefficients using Eq. 30. Lennard-Jones 6-12 parameters, σ = 0.34 nm and ε = 0.98897

kJ/mol, for the argon systems were obtained from Horton and Leech.1,59 The MARTINI 3.0

force-field50 was used for all the coarse-grained (CG) liquid systems. Long-range Lennard-

Jones interactions using the 6-12 potential were truncated using different treatments. For

simulations used in sections IVA and IVB, the Lennard-Jones potential was truncated

using a smooth switching function starting at a switching value of rsw = 1.4 nm and going

to zero at rcut = 1.5 nm. For the remainder of the simulations (sections IVC and IVD), the

Lennard-Jones potential was truncated using a plain cutoff with a shift at rcut = 1.1 nm. See

the Supplementary Material document for definitions of the Lennard-Jones potential and

the switching function. Other important simulation parameters for all the solid and liquid

systems are provided in Table I. Newton’s equations of motion were integrated using the

leapfrog algorithm with a time-step ∆t. Temperature was held constant using the velocity

rescaling thermostat of Bussi et al.60 with a coupling time constant τT . For constant pressure

simulations, the pressure was maintained isotropically with the cell rescaling barostat of

Bernetti and Bussi35 with a coupling time constant τP . For all systems, an initial solid

or liquid configuration was first energy minimized and then equilibrated under constant

temperature and pressure for a total time tequil. This was followed by a production run also

at constant temperature and pressure for a total time tprod storing the particles positions and

velocities at every 5 ps. From this NPT production run, a simulation frame was extracted

which most closely matched the average box dimensions/volume. This box average frame

was then used to setup 5 independent simulation replicas with different initial velocities

to compute the elasticity tensor. Each replica was simulated at constant volume (NV T )

for a total time of telast. The elastic coefficients cmn for each system were obtained from

the average of the five replicas while also averaging over equivalent elements of the stiffness

matrix (e.g., c11 = c22 = c33).

The time-series of the volume during the NPT production runs were used to determine

the bulk modulus for all systems using Eq. 49. When obtaining the bulk modulus using

the volume fluctuation method from an isothermal-isobaric (NPT ) simulation, one must

ensure that the pressure coupling algorithm samples the correct region of the volume phase

space as this can have large effects on the computed modulus even if the method is well

converged. As such, the pressure and temperature coupling must be performed at every
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TABLE I. Selected simulation parameters for atomistic argon and CG MARTINI systems

Atomistic Argon CG MARTINI

Solid Liquid Gas Butane Octane Dodecane Water

Temperature / K 40 100 300 310 310 310 310

Pressure / MPa 0.1 1.0 2.5 2.0 0.1 0.1 0.1

Avg. Vol. / nm3 110.6 147.6 4764 505.5 535.6 481.9 436.1

No. of Particles 2,916 2,916 2,916 3,600 4,320 3,993 3,564

∆t / ps 0.002 0.002 0.002 0.005 0.005 0.005 0.005

τT / ps 0.4 0.4 0.4 1.0 1.0 1.0 1.0

τP / ps 4.0 4.0 4.0 5.0 5.0 5.0 5.0

NPT tequil / ns 2 2 2 50 50 50 50

NPT tprod / ns 25 25 25 1,000 1,000 1,000 1,000

NV T telast / nsa 5× 150 5× 150 5× 150 5× 2, 500 5× 2, 500 5× 2, 500 5× 2, 500

NV T tED / nsb 19× 100 19× 100 19× 100 19× 1, 000 19× 1, 000 19× 1, 000 19× 1, 000

a Elastic coefficients obtained from 5 independent replicas with different initial conditions.
b Explicit deformation bulk modulus obtained from 19 simulations at different deformations.

simulation step regardless of the pressure or temperature coupling algorithms used or the

coupling time constants (τP and τT ). Specifically for GROMACS, this translates to set-

ting the following simulation input parameters: nsttcouple = 1, nstpcouple = 1, and

verlet-buffer-tolerance = 0.0005. Incorrect calculation of the instantaneous pressure

in CG systems due to improper setting of parameters for generating neighbor lists has been

recently reported by Kim et al.61

The bulk modulus was also computed from explicit deformation (ED) simulations by

computing the change in the hydrostatic stress relative to the change in volume (Eq. 48).

For this method, a set of 19 frames were extracted from the NPT production trajectory

which span the range of the 10th to 90th percentile (p) of the simulation volumes computed

over the length of the trajectory. One frame was extracted that matched the average volume

(p = 0.50), while 9 frames were uniformly extracted in each of the compressive (0.10 ≤ p <

0.50) and expansive (0.50 < p ≤ 0.90) regimes. Each of these ED simulations was run

under constant volume and temperature (NV T ) for a total time tED. The bulk modulus for

the compressive and expansive regimes was independently computed and then averaged to
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obtain the final values of B̃ED. All data analysis and plots created using the python NumPy,

SciPy, and Matplotlib libraries.62–64

IV. RESULTS AND DISCUSSION

A. Convergence of the Stress-Stress Fluctuation Method

We first analyze the time dependence of the elastic coefficients obtained from the SSF

formula for solid (T = 40 K) and liquid (T = 100 K) argon to determine the optimal strategy

for convergence. We use the autocorrelation function (ACF(t) = 〈f(t0)f(t0 + t)〉t0) of the

pressure tensor (Pij = −σij), computed from short 5 ns NV T simulations while saving the

pressure tensor at every time step, to estimate the timescale for adequate sampling intervals.

The time-series of the diagonal, Pii, and off-diagonal, Pij, elements of the pressure tensor as

well as their corresponding ACFs are shown in Figure S1 for solid argon. The characteristic

autocorrelation times were obtained from fitting the ACFs to a simple exponential function

of the form exp(−t/τ). For solid argon, the ACFs decay rapidly and the autocorrelation

times are τii = 0.34 ps and τij = 0.23 ps, which are in the order of 150 time steps. The

time-series of the pressure tensor and ACFs for liquid argon are shown in Figure S2. The

autocorrelation times for liquid argon have similar values in the range of 0.2− 0.3 ps.

Figure 1 shows the convergence of the three non-zero elastic coefficients (c11, c12, and c44)

for solid argon using sampling intervals of 0.02 ps (panels A-C), 1.0 ps (panels D-F), and 2.0

ps (panels G-I). Three independent runs, each 150 ns long, with different initial conditions

were simulated at the given sampling interval. While at the shortest sampling interval of

0.02 ps the stress at each frame is not expected to be completely uncorrelated, the various

elastic coefficients consistently convergence after ∼ 50 ns or ∼ 2.5 × 106 samples. For the

longer sampling intervals of 1.0 and 2.0 ps, 3-8 times higher than the pressure autocorrelation

time, the elastic coefficients appear to consistently converge after a similar number of samples

∼ 5 × 104, which correspond to different simulation times. Although the variance between

independent runs is higher for the larger sampling intervals, the average final values of the

elastic coefficients are within error of each other (see Table S1). A similar convergence

analysis for liquid argon is shown in Figure S3 using sampling intervals of 0.02, 0.2, and

1.0 ps with three independent simulation runs of 300 ns for each interval. The pattern of
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FIG. 1. Convergence of elastic coefficients for solid argon using different sampling intervals. Top

row (A-C) uses a sampling interval of 0.02 ps, middle row (D-F) 1.0 ps, and bottom row (G-I) 2.0

ps. Left panels show c11, middle panels show c12, and right panels show c44. Three independent

simulations with different initial conditions were run at each sampling interval shown in blue, red,

and green. Dashed black line shows the 3-run average value at the end of the simulations, while

the gray shaded region shows the standard deviation.

convergence for the liquid argon systems shows very similar trends to those observed for

the solid phase except that a larger number of samples (∼ 1 × 105) is needed to achieve a

similar level of convergence. As with the solid system, the average final values of the elastic

coefficients for liquid argon are within error of each other (see Table S2) regardless of the

sampling interval as long as a sufficient number of simulation frames are analyzed.
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B. Elasticity of Solid, Liquid, and Gas Argon

Having established the convergence of the SSF method for both solid and liquid argon

systems in the previous section, we now present an extensive analysis of the elastic properties

of argon in various phases and provide comparisons with other computational methods as

well as experimental data. Table II shows a compendium of elastic coefficients (including

the individual contributions from the Born, fluctuation, and kinetic terms), Poisson ratios,

and bulk moduli for Argon. In the case of solid argon (T = 40 K), the Born term is

the dominating contribution for all three elastic coefficients (c11, c12, and c44), while the

fluctuation term softens the response by 17-23 % due to its negative values. The kinetic

contribution is less than 2 % for the solid at this temperature. All three elastic coefficients

are independent of each other for the cubic argon solid and the stability of the material must

obey the following three conditions

M1 = c̃11 + 2c̃12 ≥ 0 (50)

M2 = c̃44 ≥ 0 (51)

M3 = c̃11 − c̃12 ≥ 0, (52)

where c̃mn are the extrinsic elastic coefficients (see Eq. 38) that take into account the net

stress acting on the system (e.g., from hydrostatic loading). The stability criteria are de-

termined by finding the eigenvalues of the elasticity tensor under the constraint that the

tensor must be positive definite.41,48 For solid argon, we find that the stability conditions

are satisfied as M1 = 6186± 6, M2 = 1778± 1, and M3 = 1266± 1.

The bulk modulus for solid argon, B̃ = 2062 ± 2 MPa, obtained from Eq. 46 using the

extrinsic elastic coefficients c̃11 and c̃12 is in excellent agreement with the value obtained

from the explicit deformation method, B̃ED = 2064 ± 2 MPa. The explicit deformation

bulk modulus B̃ED (see Eq. 48) was obtained from small volume changes (< 0.2% for the

solid) that are well within the linear deformation regime (see Figure S4A). An alternate

measurement of the bulk modulus obtained from the fluctuations in the system volume

(B̃VF = 2140± 70 MPa, see Eq. 49) of an equilibrium isothermal-isobaric simulation is also

in good agreement although the estimated error in that value is much higher. The Poisson

ratio, obtained from c11 and c12 using Eq. 47, has a value of 0.36 for the solid which is in

good agreement with typical values expected for crystalline solids near 0.3.
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TABLE II. Elastic properties of argon in the solid, liquid, and gas phases.

Solid Liquid Gas

P / MPa 0.08± 0.03 0.95± 0.04 2.501± 0.002

T / K 40.001± 0.001 100.02± 0.04 300.01± 0.01

ρ / Kg/m3 1749 1311 40.6

c11 (c̃11) / MPaa 2906± 3 (2906) 321± 3 (320) 4.98± 0.04 (2.48)

Born 3690.89± 0.05 2240.75± 0.06 1.776± 0.001

Fluct. −843± 3 −2029± 3 −6.94± 0.04

Kin. 58.219± 0.003 109.030± 0.005 10.137± 0.001

c12 (c̃12) / MPa 1640± 2 (1640) 320± 5 (321) −0.03± 2 (2.48)

Born 2110.52± 0.02 746.93± 0.03 0.5919± 0.0002

Fluct. −470± 2 −427± 5 −0.62± 0.02

Kin. 0.0± 0.0 0.0± 0.0 0.0± 0.0

c44 (c̃44) / MPa 1778± 1 (1778) 1.1± 0.7 (0.1) 2.50± 0.02 (0.00)

Born 2110.52± 0.02 746.93± 0.03 0.592± 0.001

Fluct. −362.7± 0.2 −800.4± 0.6 −3.16± 0.02

Kin. 29.109± 0.002 54.515± 0.003 5.068± 0.001

νb 0.3608± 0.0001 0.501± 0.002 0.501± 0.002

B̃ / MPac 2062± 2 320± 4 2.475± 0.004

B̃ED / MPad 2064± 2 322± 2 2.474± 0.004

B̃VF / MPae 2140± 70 320± 50 2.47± 0.08

a Data inside the box are computed through the SSF method (Eq. 30).
b Obtained from c̃11 and c̃12 using Eq. 47.
c Obtained from c̃11 and c̃12 using Eq. 46.
d Computed through the explicit deformation method using Eq. 48.
e Computed through the volume fluctuation method using Eq. 49.

In Figure 2, we compare the values of c11, c12, c44, and B̃ to experimental values ob-

tained from speed of sound measurements65–67 for a range of temperatures up to 80 K. The

simulations for these solid systems are conducted at a pressure of 0.1 MPa and therefore

the intrinsic and extrinsic coefficients are indistinguishable, cmn ≈ c̃mn. Note that many of

the original experimental observations correspond to the adiabatic elastic coefficients which
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FIG. 2. Comparison of isothermal elastic properties of solid argon for a range of temperatures

up to 80 K. Panels A-C show the elastic coefficients c11, c12, and c44 respectively, while panel D

shows the bulk modulus. Results obtained with the SSF formula from this work shown as blue

squares. Computational results from Monte Carlo simulations from Squire et al.1 (SQ69) shown as

red circles. Experimental values obtained from speed of sound measurements65–67 shown in black.

must be converted to their isothermal counterparts. To do this, one must first obtain the

compliance matrix, smn = c−1mn, followed by a conversion from adiabatic to isothermal values

using the following relation

sIsoTmn = sAdia
mn + αmαn

T

Cp
, (53)

where αm is the thermal strain coefficient and Cp is the specific heat capacity at constant

pressure. For crystalline materials with cubic symmetry, only one thermal strain coefficient

is needed as α1 = α2 = α3 and α4 = α5 = α6 = 0 (see Epishin et al.68). The isothermal

values of cmn can then be obtained by inversion of the isothermal compliance matrix. While

all the values of the elastic coefficients and bulk modulus (blue squares) obtained with

the SSF method show a linear response from 10 to 80 K, the experimental measurements

(black lines) only begin to show linearity above 30 K (Figure 2). At temperatures below

30 K quantum effects change the elastic response of the material, which cannot be properly

captured with a simple two-body Lennard-Jones potential and would require 3-body or

higher order terms.69,70 Compared to experiments at 40 K, the value of c11 is underestimated

by 13 % while the values of c12, c44, and B̃ are all within a margin of 6 %. For completeness,

Figure 2 also includes results from an earlier Monte Carlo simulation study by Squire et

al.1 (red circles) which also used the SSF method and the same Lennard-Jones parameters

by Horton and Leech.59 The data from Squire et al. are in excellent agreement with our

calculations as both set of results largely overlap each other.

Continuing with the analysis of liquid argon at T = 100 K, we observe a drastic reduction
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in the value of c11 = 321 ± 3 MPa compared to 2906 ± 3 MPa in the solid phase. As the

material expands in the lower density liquid there’s a 39 % decrease in the Born term while

the fluctuation term more than doubles resulting in these two contributions largely canceling

each other out (Table II). The value of c12 = 320± 5 MPa is indistinguishable from c11 and

the extrinsic shear modulus is effectively zero (c̃44 = 0.1 ± 0.7 MPa) as expected for an

isotropic liquid (c̃44 = 0 is the stability condition for an isotropic liquid). Note that the

sum of the Born and kinetic terms for c44 has a large value, 801.4 MPa, that is completely

canceled by the fluctuation term so that the shear modulus vanishes. The Poisson ratio

(ν = 0.501 ± 0.002) is also in excellent agreement with the expected ideal liquid value of

0.5. The SSF bulk modulus (B̃ = 320± 4 MPa) for the liquid is also nearly identical to the

values obtained from the explicit deformation (B̃ED = 322± 2, see Figure S4B) and volume

fluctuation (B̃VF = 320± 50) methods.

In the case of the argon gas, we find that the elastic coefficients and their corresponding

Born, fluctuation, and kinetic contributions are orders of magnitudes smaller due the low

density of the gas (Table II). The value of the extrinsic shear modulus (c̃44) is zero similarly

to the liquid argon case. As expected for a gas, the value of B̃ = 2.475 ± 0.004 MPa is

very close to the applied pressure of P = 2.501 ± 0.002 MPa. The values of the volume

fluctuation and explicit deformation bulk modulus are in excellent agreement with the value

obtained from the SSF method for the argon gas. The Poisson ratio for the argon gas

obtained with Eq. 47 gives a value of 0.501 ± 0.002 as expected from the indistinguishable

extrinsic coefficients, c̃11 = c̃12 = 2.48 MPa. However, it is clear from the intrinsic coefficient

c12 = −0.02± 2 MPa that the gas is perfectly compressible and therefore the Poisson ratio

should vanish.71 This likely indicates that Eq. 47, derived for isotropic solids, is not adequate

for gases.

C. Truncated Potentials and Impulsive Correction

MD simulations often employ long-range potentials such as Lennard-Jones and electro-

statics, which extend to infinity. In the case of the Lennard-Jones potential, which converges

more rapidly at long distances, it is common practice to modify the functional form through

various schemes such that the potential goes to zero at a given cutoff distance. All the argon

systems presented in the previous sections have been simulated using a switching scheme
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where the potential is multiplied by a switching function that ensures that the potential

decreases smoothly to zero at the given cutoff of 1.5 nm (see Methods). Another approach

is to simply truncate potential at the cutoff value while also shifting the potential so that it

is exactly zero at the cutoff distance. Truncating the potential at the cutoff creates disconti-

nuities in the energy and any of its derivatives, which can significantly affect the Born term

of the elasticity tensor. Let’s consider a potential acting between particles α and β that is

truncated and shifted at rαβcut

UHScut(r
αβ) =

(
U(rαβ)− U(rcut)

) (
1−H(rαβ − rcut)

)
, (54)

where H is the Heaviside function. The first derivative of Eq 54 with respect to the particle

distance rαβ can be written as

∂UHScut(r
αβ)

∂rαβ
=

(
∂U(rαβ)

∂rαβ

)(
1−H(rαβ − rcut)

)
+
(
U(rcut)− U(rαβ)

)
δ(rαβ − rcut), (55)

where we have used the so-called weak derivative identity H ′(x− x0) = δ(x− x0). The last

term in equation 55 is usually ignored as the Dirac delta function, which is non-zero only

at rαβcut, is effectively canceled by the shifted potential that equals zero at rαβcut. However,

upon taking a second derivative with respect to rαβ one finds additional terms that are

non-vanishing:

∂2UHScut

∂rαβ2
=

(
∂2U

∂rαβ2

)(
1−H(rαβ − rcut)

)
− 2

(
∂U(rαβ)

∂rαβ

)
δ(rαβ − rcut)+

+
(
U(rcut)− U(rαβ)

)(∂δ(rαβ − rcut)
∂rαβ

)
.

(56)

The last term containing the weak derivative of the Dirac delta function can be simplified

through various identities (see Appendix B) to obtain the following equation:

∂2UHScut

∂rαβ2
=

∂2U

∂rαβ2
− ∂2U

∂rαβ2
H(rαβ − rcut)−

∂U

∂rαβ
δ(rαβ − rcut). (57)

The last term in Eq. 57 with the Dirac delta function is known as the impulsive correction.5

In practice, this term is computed by replacing the delta function numerically by a simple

normalized step function with a value of 1
2wic

between rαβ − wic and rαβ + wic and zero

otherwise, where wic is a small width relative to the particle radii.

To characterize the extent to which the impulsive correction affects the observed elastic

properties, we simulated the solid and liquid argon systems using a potential that is truncated
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FIG. 3. Contribution of the impulsive correction to the elastic properties of solid and liquid argon

simulated with a truncated and shifted potential (rcut = 1.1 nm). Data for solid argon shown in

A-C, while data for liquid argon is shown in D-F. Panels show the Born term c011 (left), elastic

coefficient c11 (middle), and bulk modulus (right). Values including the impulsive correction shown

as blue squares. Black dashed lines show values without the impulsive correction and red dot-

dashed lines show the values of the bulk modulus obtained from the explicit deformation method

(B̃ED). Five independent simulations with different initial conditions were run and analyzed to

obtain values at each impulse width. Shaded regions in lighter colors show the standard deviations

of the corresponding quantities.

and shifted to zero at a cutoff of 1.1 nm. Figure 3 shows the values of c11 (with the Born term

shown separately) and B̃ for a range of impulse widths from 1× 10−5 to 0.01 nm. Starting

with the Born term, c011, in the solid system (Figure 3A), it is clear that the impulsive

correction makes a contribution far larger than the variation between runs despite being

only ∼ 1 % of the total value. The value of c011 shows minimal change for wic < 1× 10−4 nm

suggesting that this could be an optimal numerical threshold for the impulse width. While

the fluctuation term introduces larger variations in the elastic coefficient c11 (Figure 3B)

and bulk modulus (Figure 3C), the values obtained at different wic show that the impulsive
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correction is essential to accurately capture the elastic properties of the material. The value

of the explicit deformation bulk modulus (B̃ED, red dot-dashed line in Figure 3C) is in

excellent agreement with the impulsive corrected values of B̃.

In the case of liquid argon we see that the impulsive correction induces a similar change to

the Born term (Figure 3D), yet the effect on the value of the full elastic coefficient c11 (Figure

3E) is much larger in this case as the impulse corrected values are 8−9 % smaller compared

to the uncorrected c11. Similarly, the uncorrected values of the bulk modulus are 5 % larger

than those with the impulse correction, which are also in excellent agreement with the bulk

modulus obtained from the explicit deformation method (Figure 3F). In addition to this, the

value of the uncorrected extrinsic shear modulus, c̃44 = 7.25±0.04 MPa, is inconsistent with

the liquid nature of the material, despite having a relatively small magnitude. On the other

hand, the impulse corrected extrinsic shear modulus has an average value of −0.02 ± 0.4

MPa, which is within the margin of error of the expected value of zero.

D. Coarse-grained Molecular Liquids

Having demonstrated the efficacy of the SSF method with the various argon systems in

the previous sections, we now shift our focus to molecular liquids using the coarse-grained

(CG) MARTINI 3.0 force-field. MARTINI has been widely used to model biomolecules and

other soft materials including lipids, proteins, and polymers among many others.50,72–75 We

characterize four different CG MARTINI liquids including water (1-bead), butane (1-bead),

octane (2-beads), and dodecane (3-beads). These systems serve as a starting point to estab-

lish the effectiveness of the SSF method for future studies to determine the elastic properties

of complex biological systems such as lipid membranes. The 12-carbon dodecane molecule

is the most complex out of the four MARTINI systems tested. Dodecane is parametrized as

3 hydrophobic CG beads (see inset in Figure 4) with the molecule’s geometry determined

by harmonic bonds (2-body) and angle (3-body) potentials. Al four CG MARTINI liquids

are simulated at a temperature of 310 K for compatibility with biomolecular systems and

pressure of 0.1 MPa (1 atm) except for butane for which the pressure is set to 20 MPa due

to its lower boiling point.

Given the coarse-grained nature of MARTINI as well as the molecular nature of the

liquids, we first evaluate the convergence of the SSF method for dodecane. Analysis of
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the autocorrelation times of the pressure tensor (Figure S5, computed from the ACFs of

a short 8 ns NV T simulation) produced values of τii = 0.32 ps and τii = 0.22 ps, which

are very similar to the values obtained for the atomistic argon systems. Figure S6 shows

the convergence of c11, c12, and c44 for dodecane using sampling intervals of 0.2, 1.0, and

2.0 ps with three independent simulation runs of 2,500 ns for each interval. The pattern

of convergence for dodecane shows very similar trends to those observed for the atomistic

argon systems although convergence in the CG molecular fluid requires a larger number

of samples (∼ 1 × 106) at the longest sampling interval. The average final values of the

elastic coefficients for dodecane are within error of each other (see Table S3) regardless of

the sampling interval as long as a sufficient number of simulation frames are analyzed.

As MARTINI is parametrized using a Lennard-Jones potential with a truncated and

shifted potential at a 1.1 nm cutoff, we also examine the effect of the impulsive correction

on the elastic properties of dodecane as shown in Figure 4. Similarly to the liquid argon

system, the impulsive correction reduces the value of the Born term by ∼ 2 % which levels off

for impulse widths wic < 1× 10−4 (Figure 4A). The effect of the impulsive correction on c11

(Figure 4B) and the bulk modulus (Figure 4C) is much more drastic with the value changing

by almost 11 and 7% respectively. The impulse corrected values of B̃ are in excellent agree-

ment with the result from the explicit deformation method (B̃ED). The impulse correction

is also essential in obtaining the expected behavior for a liquid as the values of the extrinsic

shear modulus (Figure 4D) hover near zero while the uncorrected value of c̃44 = 29.3 ± 0.2

has a considerable magnitude. Similarly, the impulse corrected values of the Poisson ratio

are in excellent agreement with the expected value of 0.5 for an ideal fluid (Figure 4E).

The elastic properties of all four MARTINI liquids are shown in Table III. In general

terms, the elastic coefficients c11 and c12 as well as the bulk modulus increase with magnitude

as the hydrocarbon chain length grows (butane<octane<dodecane) as expected from the

larger number of intermolecular interactions. Although water has a smaller mass than

butane, the CG MARTINI single-bead water has larger elastic coefficients and bulk modulus

compared to the the other three hydrophobic molecules, which is a result of the model’s

parametrization to reproduce experimental observations such as the high surface tension and

melting point of water. While the opposing Born and fluctuation terms have significantly

different values for c11, c12, and c44 across all the liquids, the resulting elastic coefficients

maintain the relation c44 = 1
2
(c11 − c12) as expected for isotropic materials (Table III). This
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FIG. 4. Contribution of the impulsive correction to the elastic properties of CG MARTINI 3.0

liquid dodecane simulated with a truncated and shifted potential (rcut = 1.1 nm). Panels show the

Born term c011 (A), elastic coefficient c11 (B), bulk modulus (C), extrinsic shear modulus c̃44 (D),

and the Poisson ratio (E). Values including the the impulsive correction shown as blue squares.

Black dashed lines show values without the impulsive correction, dotted green lines show expected

values for an ideal fluid, and red dot-dashed lines show the values of the bulk modulus obtained

from the explicit deformation method (B̃ED). Five independent simulations with different initial

conditions were run and analyzed to obtain values at each impulse width. Shaded regions in lighter

colors show the standard deviations of the corresponding quantities. Inset on the bottom right

shows a snapshot of a CG MARTINI dodecane simulation and the mapping between the 12-carbon

atomistic molecule and the 3-bead CG representation.

is remarkable given the generally much larger magnitude of the Born and fluctuation terms

compared to their corresponding elastic coefficients. Also note that the Born term for the

c12 and c44 coefficients is identical by construction for the three liquids that only have 2-

body potentials (butane, octane, and water). However, in the case of dodecane the 3-body

angle potential introduces an asymmetry in the values of the Born term for c12 and c44. As

expected for ideal fluids, the values of the extrinsic shear modulus, c̃44, are near zero and the
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TABLE III. Elastic properties of CG MARTINI 3.0 liquids with 2 and 3-body bonded potentials.

Butane Octane Dodecane Water

P / MPa 1.99 ± 0.02 0.12 ± 0.03 0.10 ± 0.03 0.10 ± 0.02

T / K 309.97 ± 0.03 309.97 ± 0.02 309.98 ± 0.02 309.97 ± 0.03

c11 (c̃11) / MPaa 272.7 ± 0.4 (270.7) 571.6 ± 0.7 (571.6) 685.8 ± 0.7 (685.8) 917.3 ± 0.7 (917.3)

Born 2397.66 ± 0.02 3819.17 ± 0.03 4278.22 ± 0.05 4715.05 ± 0.03

Fluct. -2246.9 ± 0.4 -3385.6 ± 0.7 -3734.2 ± 0.8 -3937.6 ± 0.7

Kin. 121.886 ± 0.001 138.028 ± 0.001 141.786 ± 0.001 139.853 ± 0.001

c12 (c̃12) / MPa 268.9 ± 0.3 (270.8) 571.2 ± 0.5 (571.2) 685.5 ± 0.4 (685.5) 916.2 ± 0.5 (916.3)

Born 799.21 ± 0.04 1273.06 ± 0.04 1416.94 ± 0.05 1571.65 ± 0.06

Fluct. -533.3 ± 0.2 -701.9 ± 0.4 -731.5 ± 0.3 -655.4 ± 0.5

Kin. 0.0 ± 0.0 0.0 ± 0.0 0.0 ± 0.0 0.0 ± 0.0

c44 (c̃44) / MPa 1.9 ± 0.2 (0.0) 0.0 ± 0.3 (0.0) 0.32 ± 0.22 (0.26) -0.42 ± 0.31 (-0.47)

Born 799.21 ± 0.04 1273.06 ± 0.04 1430.64 ± 0.05 1571.65 ± 0.06

Fluct. -858.3 ± 0.2 -1342.1 ± 0.2 -1501.2 ± 0.2 -1642.0 ± 0.3

Kin. 60.943 ± 0.001 69.014 ± 0.001 70.893 ± 0.001 69.926 ± 0.001

νb 0.5001 ± 0.0004 0.4998 ± 0.0004 0.4999 ± 0.0003 0.4997 ± 0.0003

B̃ / MPac 270.8 ± 0.2 571.3 ± 0.4 685.6 ± 0.4 916.6 ± 0.4

B̃ED / MPad 271.0 ± 0.9 571 ± 2 686 ± 2 914 ± 2

B̃VF / MPae 273 ± 1 569 ± 4 688 ± 5 914 ± 9

a Data inside the box are computed through the SSF method (Eq. 30).
b Obtained from Eq. 47.
c Obtained from Eq. 46.
d Computed through the explicit deformation method using Eq. 48.
e Computed through the volume fluctuation method using Eq. 49.

values of the Poisson ratio are near 0.5 for all four CG MARTINI liquids. The values of the

bulk modulus, B̃, obtained from the SSF method are also in excellent agreement with the

values obtained from the explicit deformation (B̃ED) and volume fluctuation (B̃VF) methods

for all the liquids tested.

Before concluding this section, we make a note regarding numerical simulation choices

that may have significant effects on the observed elastic properties of CG systems in partic-
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ular. Increasing the simulation time-step can have negative effects on the observed values

of the elastic coefficients as shown in Table S4. For example, when simulating water at the

default MARTINI time-step of 0.02 ps, the elastic coefficient c11 has a slightly lower value

than c12, and c44 is negative beyond the error in the measurements. Increasing the time-step

to 0.04 ps increases this discrepancy even further indicating that the time-step is the source

of the problem. We find that a time-step of 0.005 ps is the safest choice for the MARTINI

force-field to obtain consistent elastic coefficients. While the Newtonian mechanics may be

stable for large time-steps in the CG force-field, the underlying Hamiltonian dynamics may

not be properly integrated which may affect the conservation of energy and its associated

energy fluctuations as has been previously discussed by Winger et al.76

V. CONCLUSIONS

We have demonstrated through numerous systems that the SSF method is a very effective

tool in estimating the elastic coefficients of materials from MD simulations. We have shown

that the SSF method produces elastic moduli for materials in the solid, liquid, and gas

phases in excellent agreement with other approaches such as the explicit deformation and

volume fluctuation methods, despite earlier reports that suggested the SSF formula was not

suitable to analyze the elastic properties of fluid-like materials.46–48 Obtaining accurate and

physically meaningful results for liquid systems requires increased sampling as well as proper

inclusion of the impulsive correction term for long-range potentials such as Lennard-Jones

that are truncated at a cutoff radius. Without the impulsive correction, the shear modu-

lus, c̃44, for the liquid systems would have unphysical non-zero values and the Poisson ratio

would significantly deviate from the expected value of 0.5 for an ideal fluid. Furthermore,

we have shown that the negative fluctuation term significantly softens the elastic response of

fluid materials as it has a similar magnitude compared to the Born term. The elastic charac-

terization of molecular fluids using the MARTINI CG force-field, which include multi-body

potentials, shows that the SSF coefficients and moduli are in remarkably close agreement

with other methods. However, accurate characterization of CG models with the SSF method

requires a careful choice of simulation parameters including a significant decrease in the step

size from the commonly used default value of 0.02 ps to 0.005 ps. Our extensive validation

of bulk soft materials provides a solid foundation to apply the SSF method to study the
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local elastic properties of non-homogeneous biomolecular systems such as lipid membranes

in our companion paper.51
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See the Supplementary Material for additional Figures including autocorrelation func-

tions of the pressure tensor, convergence of the elastic coefficients, and explicit deformation
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computed at different sampling intervals and different integration time-steps. The Supple-

mentary Material also contains definitions of all the bonded and non-bonded interatomic

potentials used in this study, including their first and second derivatives.

Appendix A: Deformation Gradient Identities

This section contains definitions, identities, and manipulations used when deriving the

SSF formula using the method of dilatation. As mentioned in the main text, the deformation
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gradient can be defined as

Fi,J =
∂ri
∂RJ

, (A1)

where ri and RJ are the positions in the deformed and reference configurations respectively.

In 3-dimensions, the deformation gradient takes the following matrix form

F =


∂r1
∂R1

∂r1
∂R2

∂r1
∂R3

∂r2
∂R1

∂r2
∂R2

∂r2
∂R3

∂r3
∂R1

∂r3
∂R2

∂r3
∂R3

 . (A2)

Similarly, one can define the inverse of the deformation or pull-back gradient as

F−1I,j =
∂RI

∂rj
. (A3)

The pull-back gradient is a mapping that takes the deformed configuration back to the ref-

erence configuration. The deformation and pull back gradient tensors are two-point tensors

which are generally not symmetric. However, they satisfy the following identities:

Fi,KF
−1
K,j = δij

F−1I,kFk,J = δIJ
(A4)

F T
i,J = Fj,I (A5)

F−TI,j = F−1J,i (A6)

∂Fi,J
∂Fk,L

= δikδJL (A7)

∂F−1J,i

∂Fk,L
= −F−1J,kF

−1
L,i (A8)

Under a canonical transformation, the position of particle α in the deformed and reference

configuration are mapped by

rαi = Fi,JR
α
J (A9)

Rα
I = F−1I,j r

α
j . (A10)

Similarly, the momentum of particle α in the deformed configuration is mapped to the

conjugate momentum in the reference configuration by

pαi = F−1J,i P
α
J (A11)

Pα
I = Fj,Ip

α
j . (A12)
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From these relations, we can define the first and second derivatives of the deformed positions

and momenta as
∂rαq
∂Fi,J

= Rα
Jδqi, (A13)

∂2rαq
∂Fi,J∂Fk,L

= 0 (A14)

∂pαq
∂Fi,J

= −F−1J,q p
α
i , (A15)

∂2pαq
∂Fi,J∂Fk,L

= F−1L,iF
−1
J,q p

α
k + F−1J,kF

−1
L,qp

α
i . (A16)

We include two additional identities related to the determinant of the deformation gradient,

det(F ). The determinant of the deformation gradient is often used to describe the ratio of

the volume of the deformed configuration to the volume of the reference configuration,

det(F ) =
1

3!
εijkεLMNFi,LFj,MFk,N =

V

V0
, (A17)

where ε is the Levi-Civita symbol. The derivative

∂ det(F )

∂Fi,J
= adj(F ) = det(F )F−1J,i (A18)

is required to define Nanson’s relation and the mixed elasticity tensor.

Appendix B: Derivatives of Generalized Functions

Generalized function theory or distribution theory gives a framework for defining opera-

tions for functions and distributions with discontinuities such as the Heaviside step function

and the Dirac delta function (see Lighthill77). One possible piecewise representation of the

Heaviside step function is

H(x− x0) =

0 x < x0

1 x ≥ x0

, (B1)

and the Dirac delta function is often represented as the following piecewise function,

δ(x− x0) =

0 x 6= x0

∞ x = x0

. (B2)
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These two functions can also be represented as Fourier integrals in the form of

H(x− x0) = lim
ε→0+

1

2πi

∫ ∞
−∞

1

k − iε
eik(x−x0)dk, (B3)

and

δ(x− x0) =
1

2π

∫ ∞
−∞

eik(x−x0)dk. (B4)

One can assert by inspection of the above equations that the Dirac delta function is the

derivative of the Heaviside step function,

dH(x− x0)
dx

= δ(x− x0). (B5)

Rigorously defining this assertion requires an operation called the weak derivative which

defines the derivative for discontinuous functions and distributions. The weak derivative is an

extension of the derivative to generalized functions. Suppose we have a generalized function

or distribution, f(x), and a ‘good’ function, φ(x), as well as their respective derivatives f ′(x)

and φ′(x). Informally, a ‘good’ function is a function which is infinitely differentiable for

every point inside its domain. Starting from integration by parts,∫ b

a

f ′(x)φ(x)dx = f(x)φ(x)
∣∣∣b
a
−
∫ b

a

f(x)φ′(x)dx, (B6)

an integral definition of the weak derivative can be obtained as∫ b

a

f(x)φ′(x)dx = −
∫ b

a

f ′(x)φ(x)dx, (B7)

where a and b are chosen such that f(a)φ(a) = f(b)φ(b) for the set of all ‘good’ functions.

When two integrals over the same set of bounds are equivalent, then their integrands must

be equivalent and therefore the following relation must hold

f ′(x)φ(x) = −f(x)φ′(x). (B8)

Generalizing this procedure to the nth order derivative gives

f (n)(x)φ(x) = (−1)nf(x)φ(n)(x). (B9)

When equations B3, B4 function, and B7 are combined with an appropriate choice of ‘good’

function, e.g., φ(x) = e−x
2 , one can show equation B5 is true. This can be generalized to

show that the derivative of the Dirac delta function, δ(x − x0), for some choice of ‘good’

function, φ(x), is

δ(n)(x− x0)φ(x) = (−1)nδ(x− x0)φ(n)(x). (B10)
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I. SUPPLEMENTARY FIGURES

FIG. S1. Values of the diagonal, Pii, and off-diagonal, Pij , elements of the pressure tensor as a function of time and their
autocorrelation function, ACF(t) = 〈f(t0)f(t0 + t)〉t0 , obtained from an equilibrated NV T simulation for solid argon. The
autocorrelation functions were fitted to the simple exponential ACF(t) = exp(−t/τ) to obtain the average autocorrelation time,
τ .

FIG. S2. Values of the diagonal, Pii, and off-diagonal, Pij , elements of the pressure tensor as a function of time and their
autocorrelation function, ACF(t) = 〈f(t0)f(t0 + t)〉t0 , obtained from an equilibrated NV T simulation for liquid argon. The
autocorrelation functions were fitted to the simple exponential ACF(t) = exp(−t/τ) to obtain the average autocorrelation time,
τ .
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FIG. S3. Convergence of elastic coefficients for liquid argon using different sampling intervals. Top row (A-C) uses a sampling
interval of 0.02 ps, middle row (D-F) 0.2 ps, and bottom row (G-I) 1.0 ps. Left panels show c11, middle panels show c12, and
right panels show c44. Three independent NV T simulations with different initial conditions were run at each sampling interval
shown in blue, red, and green. Dashed black line shows the 3-run average value at the end of the simulations, while the gray
shaded region shows the standard deviation.

FIG. S4. Hydrostatic stress, σh = 1
3
tr(σ), as a function of the volume strain, εV = tr(ε), for simulations of argon in the

solid (A), liquid (B), and gas (C) phases. The explicit deformation bulk modulus, B̃ED, is obtained from the average of the
compression and expansion slopes.
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FIG. S5. Values of the diagonal, Pii, and off-diagonal, Pij , elements of the pressure tensor as a function of time and their
autocorrelation function, ACF(t) = 〈f(t0)f(t0 + t)〉t0 , obtained from an equilibrated NV T simulation for liquid dodecane (CG
MARTINI). The autocorrelation functions were fitted to the simple exponential ACF(t) = exp(−t/τ) to obtain the average
autocorrelation time, τ .
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FIG. S6. Convergence of elastic coefficients for CG MARTINI dodecane using different sampling intervals. Top row (A-C) uses
a sampling interval of 0.02 ps, middle row (D-F) 0.2 ps, and bottom row (G-I) 1.0 ps. Left panels show c11, middle panels show
c12, and right panels show c44. Three independent NV T simulations with different initial conditions were run at each sampling
interval shown in blue, red, and green. Dashed black line shows the 3-run average value at the end of the simulations, while
the gray shaded region shows the standard deviation.
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II. SUPPLEMENTARY TABLES

TABLE S1. Elastic coefficients for solid argon computed using different sampling intervals (∆s) from 3 independent 150 ns
simulations.

∆s = 0.02 ps ∆s = 1.0 ps ∆s = 2.0 ps

c11 / MPa 2907 ± 1 2906 ± 3 2905 ± 3

c12 / MPa 1642 ± 2 1640 ± 2 1640 ± 5

c44 / MPa 1778 ± 1 1778 ± 1 1788 ± 1

TABLE S2. Elastic coefficients for liquid argon computed using different sampling intervals (∆s) from 3 independent 150 ns
simulations.

∆s = 0.02 ps ∆s = 0.2 ps ∆s = 1.0 ps

c11 / MPa 323.0 ± 1.3 324.5 ± 1.3 323.3 ± 4.6

c12 / MPa 322.5 ± 1.5 323.0 ± 0.9 322.4 ± 2.8

c44 / MPa 1.0 ± 0.6 0.74 ± 0.77 0.46 ± 0.51

TABLE S3. Elastic coefficients for MARTINI dodecane computed using different sampling intervals (∆s) from 3 independent
2,500 ns simulations.

∆s = 0.2 ps ∆s = 1.0 ps ∆s = 2.0 ps

c11 / MPa 687.3 ± 2.5 685.5 ± 1.23 688.8 ± 0.8

c12 / MPa 687.5 ± 1.2 686.9 ± 2.6 687.4 ± 3.6

c44 / MPa -0.1 ± 0.5 -0.26 ± 0.28 -0.9 ± 1.4

TABLE S4. Elastic coefficients for MARTINI water computed from individual simulations (2,000 ns each) with different
integration time-steps (∆t).

∆t = 0.005 ps ∆t = 0.01 ps ∆t = 0.02 ps ∆t = 0.04 ps

c11 / MPa 924.5 ± 2.7 925.4 ± 1.9 915.2 ± 0.3 885.8 ± 0.3

c12 / MPa 921.4 ± 1.1 923.9 ± 0.6 920.7 ± 1.6 914.9 ± 0.7

c44 / MPa -0.8 ± 1.0 -1.3 ± 0.8 -3.0 ± 0.8 -14.7 ± 0.7
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III. DERIVATIVES OF TWO AND THREE-BODY POTENTIALS

• Lennard-Jones potential

ULJ =
An

(rαβ)n
− Bm

(rαβ)m
(1)

∂ULJ

∂rαβ
=
−nAn

(rαβ)n+1
+

mBm
(rαβ)m+1

(2)

∂2ULJ

∂rαβ∂rαβ
=

(n+ 1)nAn
(rαβ)n+2

− (m+ 1)mBm
(rαβ)m+2

(3)

• Truncated potential at rαβ = rcut using a Heaviside function

UHcut = U(rαβ)
(
1−H(rαβ − rcut)

)
(4)

∂UHcut

∂rαβ
=

(
∂U(rαβ)

∂rαβ

)(
1−H(rαβ − rcut)

)
− U(rαβ)δ(rαβ − rcut) (5)

∂2UHcut

∂rαβ∂rαβ
=

(
∂2U(rαβ)

∂rαβ
2

)(
1−H(rαβ − rcut)

)
− ∂U(rαβ)

∂rαβ
δ(rαβ − rcut) (6)

• Truncated and shifted potential at rαβ = rcut using a Heaviside function

UHScut =
(
U(rαβ)− U(rαβcut)

)(
1−H(rαβ − rαβcut)

)
(7)

∂UHScut

∂rαβ
=

(
∂U(rαβ)

∂rαβ

)(
1−H(rαβ − rαβcut)

)
+
(
U(rαβcut)− U(rαβ)

)
δ(rαβ − rαβcut) (8)

∂2UHScut

∂rαβ∂rαβ
=

(
∂2U(rαβ)

∂rαβ
2

)(
1−H(rαβ − rαβcut)

)
− ∂U(rαβ)

∂rαβ
δ(rαβ − rαβcut) (9)

• Truncated potential with switching function (SV ) from rsw to rcut

Usw = U(rαβ)SV (r
αβ) (10)

∂Usw

∂rαβ
=

(
∂U(rαβ)

∂rαβ

)
SV (r

αβ) + U(rαβ)

(
∂SV (r

αβ)

∂rαβ

)
(11)

∂2Usw

∂rαβ∂rαβ
=

(
∂2U(rαβ)

∂rαβ∂rαβ

)
SV (r

αβ) + 2

(
∂U(rαβ)

∂rαβ

)(
∂SV (r

αβ)

∂rαβ

)
+ U(rαβ)

(
∂2SV (r

αβ)

∂rαβ∂rαβ

)
(12)

SV =
1− 10(rαβ − rsw)3(rcut − rsw)2 + 15(rαβ − rsw)4(rcut − rsw)− 6(rαβ − rsw)5

(rcut − rsw)5
(13)

∂SV
∂rαβ

=
−30(rαβ − rsw)2(rcut − rsw)2 + 60(rαβ − rsw)3(rcut − rsw)− 30(rαβ − rsw)4

(rcut − rsw)5
(14)

∂2SV
∂rαβ∂rαβ

=
−60(rαβ − rsw)(rcut − rsw)2 + 180(rαβ − rsw)2(rcut − rsw)− 120(rαβ − rsw)3

(rcut − rsw)5
(15)
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• Harmonic bond potential

Uhar =
1

2
kb(rαβ − rαβ0 )2 (16)

∂Uhar

∂rαβ
= kb(rαβ − r0αβ) (17)

∂2Uhar

∂rαβ∂rαβ
= kb (18)

• Harmonic angle potential

Uθ =
1

2
kθαβγ(θαβγ − θ0αβγ)2 (19)

∂Uθ
∂rαβ

= kθαβγ(θαβγ − θ0αβγ)
∂θαβγ
∂rαβ

(20)

∂2Uθ
∂rγε∂rαβ

= kθαβγ

[
∂θαβγ
∂rγε

∂θαβγ
∂rαβ

+ (θαβγ − θ0αβγ)
∂2θαβγ
∂rγε∂rαβ

]
(21)

• Harmonic cosine potential

Ucos =
1

2
kαβγ(cos(θαβγ)− cos(θ0αβγ))

2 (22)

∂Ucos

∂rαβ
= kαβγ(cos(θαβγ)− cos(θ0αβγ))

∂ cos(θαβγ)

∂rαβ
(23)

∂2Ucos

∂rγε∂rαβ
= kαβγ

[
∂ cos(θαβγ)

∂rγε
∂ cos(θαβγ)

∂rαβ
+ (cos(θαβγ)− cos(θ0αβγ))

∂2 cos(θαβγ)

∂rγε∂rαβ

]
(24)

• Angle function

θαβγ = cos−1 (cos(θαβγ)) (25)

∂θαβγ
∂rαβ

=
−1

sin(θαβγ)

∂ cos(θαβγ)

∂rαβ
(26)

∂2θαβγ
∂rγε∂rαβ

=
−1

sin3(θαβγ)

[
∂2 cos(θαβγ)

∂rγε∂rαβ
(sin2(θαβγ)) +

∂ cos(θαβγ)

∂rγε
∂ cos(θαβγ)

∂rαβ
cos(θαβγ)

]
(27)

• Cosine function using the law of cosines

cos(θαβγ) =
rαβ · rβγ

‖rαβ‖‖rβγ‖
=

(rαβ)2 + (rβγ)2 − (rαγ)2

2(rαβ)(rβγ)
(28)

FIG. S7. Illustration of a three-body angle potential acting on particles α, β, and γ based on the angle θαβγ .
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• Cosine 1st derivatives

∂ cos(θαβγ)

∂rαβ
=

(rαβ)2 − (rβγ)2 + (rαγ)2

2(rαβ)2(rβγ)
(29)

∂ cos(θαβγ)

∂rβγ
=
−(rαβ)2 + (rβγ)2 + (rαγ)2

2(rαβ)(rβγ)2
(30)

∂ cos(θαβγ)

∂rαγ
= − (rαγ)

(rαβ)(rβγ)
(31)

• Cosine 2nd derivatives

∂2 cos(θαβγ)

∂rαβ∂rαβ
=

(rβγ)2 − (rαγ)2

(rαβ)3(rβγ)
(32)

∂2 cos(θαβγ)

∂rβγ∂rαβ
=
∂2 cos(θαβγ)

∂rαβ∂rβγ
= − (rαβ)2 + (rβγ)2 + (rαγ)2

2(rαβ)2(rβγ)2
(33)

∂2 cos(θαβγ)

∂rαγ∂rαβ
=
∂2 cos(θαβγ)

∂rαβ∂rαγ
=

(rαγ)

(rαβ)2(rβγ)
(34)

∂2 cos(θαβγ)

∂rβγ∂rβγ
=

(rαβ)2 − (rαγ)2

(rαβ)(rβγ)3
(35)

∂2 cos(θαβγ)

∂rαγ∂rβγ
=
∂2 cos(θαβγ)

∂rβγ∂rαγ
=

(rαγ)

(rαβ)(rβγ)2
(36)

∂2 cos(θαβγ)

∂rαγ∂rαγ
=

−1
(rαβ)(rβγ)

(37)
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